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Abstract— This paper presents the design of an adap-
tive controller based on the block control technique, and
a new neural observer for a class of MIMO discretr-time
nonlinear systems. The observer is based on a recurrent
high-order neural network (RHONN), which estimates
the state vectors of the unknown plant dynamics. The
learning algorithm for the RHONN is based on an Ex-
tended Kalman Filter (EKF). This paper also includes
the respective stability analysis, from the Lyapunov ap-
proach, for the neural observer trained with the EKF and
the block controller. Simulation results are included to
illustrate the applicability of the proposed scheme.

Keywords— Sliding mode, Recurrent high-order neu-
ral network, Extended Kalman filter, Nonlinear observer,
Discrete-time block control.

I. INTRODUCTION

Nonlinear trajectory tracking is an important research
subject ([1], [8], [9], [10], and some references cited
therein; mostly for continuous-time systems). In the re-
cent literature on adaptive and robust controls, numer-
ous approaches have been proposed for nonlinear control
system trajectory tracking, among which the block con-
trol strategy provides a well-suited design methodology
[5]. In most nonlinear control designs, it is usually as-
sumed that all the system states are measurable. In
practice, however, only parts of these states are mea-
sured directly. For this reason, nonlinear state estima-
tion remains an important topic for study in the non-
linear systems theory [11]. Numerous approaches have
been proposed for the design of nonlinear observers,
yielding many interesting results in different directions
([7], [11] and references therein). Most of these ap-
proaches in developing nonlinear observers require a
nominal mathematical model of the plant dynamics, if
not fully then at least partially [11]. Recurrent neural-
network observers have also been proposed, and they
do not require a precise plant model. This technique is
therefore attractive and actually has been successfully
applied to state estimation [11], [13]. These works were
developed mostly for continuous-time systems. Nonlin-
ear discrete-time neural observers, on the other hand,
have been seldom discussed [13].

The best-known training approach for recurrent neu-
ral networks (RNN) is the back propagation through
time learning [16]. However, it is merely a first-order

gradient descent method and hence its learning speed
is very slow [16]. Recently, some Extended Kalman Fil-
ter (EKF) based algorithms have been introduced to the
training of neural networks [16]. With an EKF-based al-
gorithm, the learning convergence can be improved [16].
Over the past decade, the EKF-based training of neu-
ral networks, both feedforward and recurrent ones, has
proven to be reliable and practical for many applications
[16].

In this paper, we propose a scheme for trajectory
tracking based on the block control technique [5], using
a new neural observer for a class of MIMO discrete-time
nonlinear systems. This observer is based on a discrete-
time recurrent high-order neural network (RHONN),
which estimates the state vectors of the unknown plant
dynamics. The learning algorithm for the RHONN is
based on an EKF. Once the neural network structure is
determined, the block control technique is used to de-
velop the corresponding trajectory tracking controller.
This paper also includes the respective stability analy-
sis, from the Lyapunov approach, for the neural observer
trained with the EKF and the block controller. Finally,
the applicability of the proposed design is illustrated
by a typical example: output chaos synchronization of
discrete-time systems.

II. MATHEMATICAL PRELIMINARIES

Let k denote the sampling step, &k € 0 UZ*, |-| be
the absolute value, and ||| be the Euclidian norm for
vectors and an adequate norm for matrices.

Following [6], consider an MIMO nonlinear system,

z(k+1)=F(z(k),u(k)) (1)

where £ € R", u € R, and FF € R x ™ — R is a
nonlinear map.

In system (1), after selecting the input v as a feedback
function of the state:

u (k) = h(z (k)) (2)
one can obtain

z(k+1) =F(x(k),h(z(k))) (3)
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which yields an unforced system

x(k+1)=F (z(k)) (4)
Now, consider the following discrete-time RHONN:
Ti(k + 1) = wl z@(k), u(k), i=1,--,n (5)

where z; (i = 1,2,--- ,n) is the state of the ith neu-
ron, L; is the respective number of higher-order con-
nections, {I1,Ia,---,Ir,} is a collection of non-ordered
subsets of {1,2,---,n}, n is the state dimension, w;
(i=1,2,---,n) is the respective on-line adapted weight
vector, and z;(Z(k),u(k)) is given by

- di; (1
Ziy Hjehyz-j‘( )

zi(z(k),uk)) = | = : (6)
Zip, i HjeIL,iysz(Li)

with dj, (k) being a nonnegative integers, and

Yiy S(T1) |
Ui S(Zn)
= 1 = 7
Y $ (un) @)
L Yipsm | L S(um> _

in which v = [u1, us, ..., un]  is the input vector to the
neural network, and S(-) is defined by

1
1+ exp(—b2)

S(x) (8)
where b > 0 is a constant.

Consider the problem of approximating the general
discrete-time nonlinear system (1), which is supposed to
be observable, by the following discrete-time RHONN
parallel representation [14]:

zi (k+1) = w2 (x(k),u(k)) + e, (9)

where x; is the ¢th plant state, €, is a bounded approx-
imation error, which can be reduced by increasing the
number of the adjustable weights [14].

Assume that there exists ideal weights vector w; such
that ||e;, || can be minimized on a compact set 2., C
RLi. The ideal weight vector w} is an artificial quantity
required for analysis [14]. In general, it is assumed that
this vector exists and is an unknown constant. Define
its estimate as w; and the estimation error as

wi (k‘) = w; (k‘) —w;

?

(10)

The estimate w; is used for stability analysis, which will
be discussed later. Since w; is constant, one has

@i(k+1)—@i(k):wi(k+1)—wi(k)

III. THE EKF TRAINING ALGORITHM

The Kalman filter (KF) estimates the state of a lin-
ear system with additive state and output white noises
[4], [7], [15]. For KF-based neural network training, the
network weights become the states to be estimated. In
this case, the error between the neural network output
and the measured plant output can be considered as ad-
ditive white noise. Since the neural network mapping
is nonlinear, an EKF is applied (see [12] and references
therein). The training goal is to find the optimal weight
values that minimize the prediction errors.

In this paper, we use a decoupled EKF-based training
algorithm described by

wi(k+1) = w(k)+n,K;(k)e(k), i=1,---,n
Ki(k) = P(k)H;(k)M; (k) (11)
Pi(k+1) P (k) — K; (k) H (k) P; (k) + Q; (k)
with
Mi(k) = [Ri(k)+H (k)P (k) Hi (k)] (12)
e (k) y (k) —y (k) (13)

where e (k) € RP is the observation error and P; (k) €
RLixLi i5 the prediction error covariance matrix at step
k, w; € R is the weight (state) vector, L; is the re-
spective number of neural network weights, y € RP is
the plant output, §¥ € RP is the observer output, n is
the number of states, K; € RLi*? is the Kalman gain
matrix, Q; € RY*Li is the NN weight estimation noise
covariance matrix, R; € RP*P is the error noise covari-
ance, and H; € RF*P is a matrix, in which each entry
(H,,) is the derivative of the neural output with respect
to one neural network weight, (w,;), given as follows:
9y (k)

H, (k)= [m (14)

T

where j = 1,...,L; and ¢« = 1,...,n. Usually, P,and Q;
are initialized as diagonal matrices, with entries P; (0)
and Q; (0), respectively. It is important to remark that
H; (k), K; (k) and P; (k) for the EKF to be bounded
(for a detailed explanation, see [15]).

IV. NEURAL OBSERVER DESIGN

In this section, we consider the estimation of the states
of an observable discrete-time nonlinear system given by

(k) u(k)) +d (k)

z(k+1) = F(z

y(k) = C (15)
where x € R™ is the state vector of the system, u (k) €
R™ is the input vector, y (k) € R? is the output vector,
C € RP*™ is a known output matrix, d (k) € R" is a
disturbance vector, and F'(-) is a smooth vector field



with entries F; (-). Hence, (15) can be rewritten as:

z(k) = [ z1(k) zi (k) (k) ]"
d(k) = [di(k) ... di(k) dn (k) ]
vi(k+1) = Fi(x(k),u(k))+d;(k) ,i=1,---,n
y(k) = Cuxz(k) (16)

For system (16) , a Luenberger neural observer is used,
with the following structure:

k) = [@(k) .. Bk ... @(k)]
Zik+1) = w z(@k), uk)) + Lie (k)
Gk) = Ca(k), i=1,,n (17)

with L; € %P, w; and z; as in (5). The weight vectors

are updated on-line with a decoupled EKF (11) — (14),
and the output error is defined by

e(k) =y (k) -y (k) (18)
and the state estimation error is

z(k) =z (k) —z (k) (19)

Before proceeding to demonstrating the main result
of this paper, we need to establish the following two
lemmas.

Lemma 1. Error (18) can be reformulated as
e(k) = [e(k) ej (k) ep (k) |
€j(l€+1) = ej(k)—i—Aej(k;), j=1---,p (20)

with Ae; (k) < —i,;€; (k), Yij = mkin ’m

e; (k) is the jth element of e (k) , H; ; (k) is the jth col-

umn of H; (k), and K ; (k) is the jth column of K; (k).
Proof: Tt follows from (18) that

8ej (k}) o é)@ (k)
dw; (k) 0w (k) (21)
Approximate (21) by
} O (B)]" A,
ae;0 =[50 dwm e
Substituting (14), (18) and (21) into (22) yields
Aej (k) = iy (k) Kij (k) e; (k) (23)
Define
Yijg = mkin }TthTj (k) K (k’)}
Then
Aej (k) < —v; ;€5 (k) (24)
|

it follows that

(12),

Comment 1.
H; (k) K;,

From (11) —
j(k)>0,VkeOUZ*.

H; (k) Kij ()

Lemma 2. The weight estimation error (10) can be
written as

w; (k) =

K2

¢, (k) — Lie (k) — C:Fe (k) — CF Ae (k)]
x2; (x(k), u(k))

7

with C; being the ith row of C* and €, (k) = €;+d; (k) .

Proof: Tt follows from (16) — (18) that
e(k) = yk)—yk)=C(z(k)-z(k) (25)
e(k+1) = C(w'z(xk),uk)+e+d(k))
—C (w] (k) zi(Z(k), u(k)) + Le (k))
= e(k)+ Ae(k

Hence

o' (k) z (x(k),u(k) = e+d(k)— Le(k)

—C* (e (k) + Ae (k)

and
o' (k) = [e+d(k)—Le(k)—Cte(k)— CTAe(k)]

xz* (a(k), u(k))
So, for the ith element, we have

@ (k) = [e(k) = Lie (k) = Cf e (k) - CF Ae (k)]

(26)

|
By summarizing (11)-(19), we obtain the first main
result as follows.

Theorem 1: For system (16), the nonlinear observer
(17) trained with the EKF-based algorithm (11), ensures
that the output error (18) and the estimation error (19)
are semi-globally uniformly ultimately bounded.

Proof: Consider the Lyapunov function candidate,
for e (k), w (k) , defined by

Vi(k)=e' (k)e (k) + @ (k)w; (k) (27)

whose first difference is:

AVi(k) = Vi(k+1)—Vi(k)
Th+Dek+1)+@ (k+1)w; (k+1)

—e' (k)e (k) —w] (k)w; (k) (28)

3

From (10) and (11), we have

@; (k+1) = @; (k) + 0, K (k) e (k) (29)

Define



Then, it follows from(18) that

e(k+1)=e(k)+ Ae (k)
e (k+1De(k+1)=c" (K)e(k)+e' (k) Ae(k)

+Ae’ (k)e (k) + Ae' (k) Ae (k) (31)

Applying (30), (31) and Lemma 2 to (28), we have

AVi (k) = e’ (k)Ae(k)+Ae’ (k)e(k)

+Ae’" (k) Ae (k)

+2n; [e; — Lie (k) — Cife (k) — Cf Ae (k)]
xz (k) Ki (k) e (k)

+ (0K (k) e (k)" 0, K (k) e (k) (32)

From Lemma 1, substituting (24) into the above, with
§i = n;7:C;" — L; — Ci and v; = max {7i;} Ba. (32)
can be written as

AVi(k) < —2yille (B)]* +7 lle (k)]
+2[nseiz” (k) Ki (k)] [le ()|
+2 0,82 (k) Ki ()] [le (k)]”
+ I K (B lle (k) II”

So, there exits n; > 0 and L; such that

AV; (k) <0, for |le(k)|| > k; (33)
with
[2mie: [|= K ]|

Ki =
v om0t K| - 2 1G]

From (33), it follows the boundness of V; (k) for a k >
kr, which leads to the semi-global uniformly ultimately
boundedness of e (k) and w; (k).

Considering (19) and (25), it is easy to see that the
estimation error has an algebraic relation with e (k), so
if e (k) is bounded then 7 (k) is bounded too:

(k) = Cte(k)

IZEI < [l lle (®)] (34)

Comment 2. Inequality (34) is established for the norm
of Z (k), which implies that z; (k), ¢ = 1,--- ,n, is
bounded.

Using (26) and (33), it is easy to see that the weight
estimation error (10) has an algebraic relation with e (k)
and z; (x(k),u(k)), so if e (k) is bounded, and given that
2" (x(k),u(k)) as defined in (6) is bounded, then w (k)
is bounded too:

@ (k)| < e (k) — Lie (k) — Cfe (k) — C Ae (k)

x ||z (w(k), u(k))]|

V. CONTROLLER DESIGN

Consider a special case of system (15):

z(k+1) =
y(k) =

where x € R™ is the state vector of the system, u (k) €
R™ is the input vector, y (k) € R? is the output vec-
tor, the vector f (-), the columns of B(-) and d(-) are
smooth vector fields, and d(-) is a disturbance vector.
By means of non-singular transformation, system (15)
can be represented in the block controllable form as fol-
lows:

f (@ (k) + B (2 (k) u(k) + d (k)

Cz (k) (35)

zi (k+1) fi (@i (k) + Bi (Ti (k) wiga (k) + di (k)

zr(k+1) = fr(@(k)+ By (2 (k) u(k) +dy (k) (36)
yk) = =z (k),i=1,---,r—1

where z (k) = | z1(k) . z; (k) zy (k) ]T ,

d(k) = [di(k) ... di(k) ... d.(k)] and

T (k) = [ o1 (k) zi(k) ] ,i=1,---,r—1,and

the set of numbers (nq,--- ,n,), which define the struc-

ture of system (36), satisfy n1 <ng <--- <mn, <m.
Define the following transformation:

z1 (k) = (k) —zq (k)
2 (k) = @2(k)—[Bi (1 (k)" (Kiz (k)
+[By (21 (k)] (f1 (21 (k) + di (K))
z (k) = =z, (k) —af (k) (37)

with yq (k) = x4 (k) as the desired trajectory for track-
ing. Using (37), system (36) can be rewritten as

21 (k + 1) = Kizn (k’) + Bizo (k’)
Zr—1 (k + 1) Kr—lzrfl (k) + Brflzr (k:) (38)
z(k+1) = fr(z(k)+ By (z(k))u(k)

To design the control law, we use the sliding mode
block control technique. The surface is derived from the
block control procedure, and a natural selection for the
sliding surface S (k) = 0is S (k) = 2. (k) = 0. Thus,
system (38) is represented as

21 (k’ + 1) = Kin (k) + Bizo (k)
zr—1(k+1) Ky 12,1 (k) + B,_15 (k) (39)
S(k+1) = fr(z(k)+ By (z(k))u(k)

+d, (k) - (k)



Once the sliding surface is selected, the next step is to
define u (k), as

Ueg (K) for [lueq (k)| < uo
u (k) = ook 40
(k) {uol%zg—;l for ueg B >uw0 20
where the equivalent control is calculated from
S(k+1)=0, as
Ueq (k) = [By(x (k)]

X (=fr (x (k) + 2pa (k+1) = d; (k)

To this end, we present an stability analysis to prove
that the closed-loop system motion over the surface is
stable, which is the second main result of this paper.

Theorem 2. The control law (40) ensures the sliding
surface S (k) = z, (k) = 0 for system (36).

Proof: Write S (k+ 1) as

S(k+1)— fr (2" (k) + Bru (k)
+ai (k) — @, (k)

S(k) =

Note that when ||ueq (k)| < uo, the equivalent control is
applied, yielding motion on the sliding manifold S (k) =
0. In the case of ||ueq (k)| > wo, the proposed control

strategy is uoﬁgﬁ;“, and the closed-loop system is

(S (k) + f3 («" (k) — 2

g (1 ~ T BT >|>

Along any solution of the system, the Lyapunov candi-
date function V (k) = ST (k) S (k) gives

S* (k) S (k)

mm)]
X (S (k) + fs (k) <1 - ﬁ)
—ST (k) S (k)

< =28 (k)| (HB T — |1 fs (K )I)

(HB I >|>2

where f, (K) = —a, (k) + 24 (k) + fr (z (K)) + dy. (k) —
zrg(k+1), and if ||B7Y|[Ifs (k)| < uo holds, then
AV (k) <0. |
The third main result of this paper is the following.
Proposition 1. Given a desired output trajectory yq,
a dynamic system with output y, and a neural network
with output 7, the following inequality holds [5]:

Sk+1) = (k) +2° (k)

AV (k) = ST(k+1)S(k+1)—

s+ 2.0 (1-

A

lya =yl <1y = yll + llva = ¥l

t

where y4 — y is the system output tracking error, and
Yy — y is the output estimation error and y; — ¥ is the
output tracking error of the nonlinear observer.

Based on this proposition, it is possible to divide the
tracking objective into two parts [5]:
1. Minimization of § — y, which can be achieved by the
proposed on-line nonlinear observer algorithm (11) as
shown in Theorem 1.
2. Minimization of y4—¥. For this, a tracking algorithm
is developed on the basis of the nonlinear observer (5).
This minimization is obtained by designing the control
law (40), as shown in Theorem 2.

VI. AN EXAMPLE

To illustrate the applicability of the proposed ap-
proach, we show the synchronization of two represen-
tative chaotic systems in this section.

Nonlinear systems have very rich dynamical behav-
iors including chaos, characterized by high sensitivity to
parameter variation, external disturbance, and particu-
larly tiny changes of initial conditions [2]. Chaotic at-
tractors are globally bounded but locally unstable, which
presents some important properties that have technolog-
ical applications [2]. Two typical discrete chaotic sys-
tems are used for simulation here, on their synchroniza-
tion under the control of the proposed scheme.

A. The Hénon System
The Hénon system is given by [1]

z1(k+1) = —az(k)+z2(k)+1 (41)
y(k) = zi(k)
where a and b are real parameters.
B. The Lozi System
The Lozi system is given by [3]
z1ak+1) = —plriak)|+zeak)+1 (42)
zo4(k+1) = qx1a(k)

where p and ¢ are real parameters.

C. Simulation Results

The Hénon chaotic attractor is generated by (41) with
a=1.4,b=0.3, x1(0) = 0.4, x5(0) = 0.4. The goal is to
force the chaotic Hénon attractor to synchronize to the
Lozi attractor generated by (42) with p = 1.8, ¢ = —1,
x1(0) = —5000, x5(0) = 5000.

In order to estimate the state of (41
observer is used:

), the following

T (k) + 1) = W11 ( )S (xl (k‘)) + w12 (k‘) Zo (k‘)
T2 (k‘ + 1) = W21 ( )52 T k‘))
+waa (k) S (2 (K)) + was (k) u (k)

yk) = z(k)
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Fig. 1. Time evolution of the state 1 (k) (solid line), its estimate
Z1 (k) (dashed line) and its reference x1 4 (k) (dash-dot line)

/Esnmanon )

Fig. 2. Time evolution zoom for the state x1 (k) (solid line), and
its estimate Z; (k) (dashed line)

which is in the block canonical form with the control law
(40) and

Ueq (k) = [was (k)]
X (= fr (z (k) + 25 (k + 1))
where
fr (z (K)) way (k) 5% (z1 () + waa (k) S (2 (k)
zy (k) = [wiz (k)] [~wir (k) S (z1 (k) + k12 ()]

The simulation results are shown in Figs. 1-7, where
the state estimate evolution and the attractors are pre-
sented, which verify the theoretical analysis and design.

VII. CONCLUSIONS

In this paper, we have discussed a discrete-time out-
put trajectory tracking by recurrent high-order neural
network (RHONN) controller design and its application
to chaos synchronization. First, a nonlinear observer
is designed based on a RHONN trained with an EKF-
based algorithm, where the training of the nonlinear ob-
server is performed on-line in a parallel configuration.

Fig. 3. Time evolution of the state z2 (k) (solid line), its estimate
Z2 (k) (dashed line) and x3 4 (k) (dash-dot line)

151 Plani) 1

Estimation (--)

Fig. 4. Time evolution zoom for the state z2 (k) (solid line), and
its estimate Zo (k) (dashed line)
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Then, using the designed control mechanism, synchro-
nization of two chaotic systems is performed by means
of the sliding-mode block control technique. Simulation
results illustrate the applicability of the proposed control
scheme.

Acknowledgement:

The authors thank the support

of CONACYT Mexico, through Projects 39866Y and
39811Y.

(1]

2]
3]

4]

5]

(6]

(7]

REFERENCES

G. Chen and J. L. Moiola, “An overview of bifurcation, chaos
and nonlinear dynamics in control systems”, The Franklin
Institute Journal, Vol. 331B, pp. 819-858, 1994.

G. Chen and X. Yu (eds.), Chaos Control: Theory and Ap-
plications, Springer-Verlad, Berlin, 2003.

G. Chen and X. Dong (eds.), From Chaos to Order: Method-
ologies, Perspectives and Applications, World Scientific Pub.
Co., Singapore, 1998.

C. K. Chui and G. Chen, Kalman Filtering with Real-Time
Applciations, Springer-Verlag, New York, 1st ed., 1987; 3rd
ed., 1999.

R. A. Felix, E. N. Sanchez and A.G. Loukianov, “Avoding
controller singularities in adaptive recurrent neural control”,
Proceedings IFAC’05, Praga, July, 2005.

S. S. Ge, J. Zhang and T. H. Lee,“Adaptive neural net-
work control for a class of MIMO nonlinear systems with
disturbances in discrete-time”, IEEE Transactions on Sys-
tems, Man and Cybernetics, Part B, vol. 34, No. 4, August,
2004.

R. Grover and P. Y. C. Hwang, Introduction to Random Sig-

(8]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

nals and Applied Kalman Filtering, 2nd ed., John Wiley and
Sons, New York, USA, 1992.

H. Khalil, Nonlinear Systems, 2nd ed., Prentice Hall, Upper
Saddle River, N.J., USA, 1996.

M. Kirstic, I. Kanellakopoulos and P. Kokotovic, Nonlinear
and Adaptive Control Design, John Wiley and Sons, New
York, USA, 1995.

A. G. Loukianov, B. Castillo-Toledo, and S. Dodds, “Robust
stabilization of a class of uncertain system via block decom-
position and VSC”, Int. J. Robust Nonlinear Control, vol.
12, pp. 1317-1338, 2002.

A. S. Poznyak, E. N. Sanchez and W. Yu, Differential Neu-
ral Networks for Robust Nonlinear Control, World Scientific,
Singapore, 2001.

E. N. Sanchez, A. Y. Alanis and G. Chen, “Recurrent
neural networks trained with Kalman filtering for discrete
chaos reconstruction”, Proceedings of Asian-Pacific Work-
shop on Chaos Control and Synchronization’04, Melbourne,
Australia, July, 2004.

L. J. Ricalde and E. N. Sanchez, “Inverse optimal non-
linear high order recurrent neural observer”, International
Joint Conference on Neural Networks IJCNN 05, Montreal,
Canada, August, 2005.

G. A. Rovithakis and M. A. Chistodoulou, Adaptive Con-
trol with Recurrent High -Order Neural Networks, Springer-
Verlag, New York, USA, 2000.

Y. Song and J. W. Grizzle, “The extended Kalman Filter
as Local Asymptotic Observer for Discrete-Time Nonlinear
Systems”, Journal of Mathematical systems, Estimation and
Control, vol. 5, no. 1, pp. 59-78, Birkhauser-Boston, 1995.
S. Singhal and L. Wu, “Training multilayer perceptrons with
the extended Kalman algorithm”, in D. S. Touretzky (ed.),
Advances in Neural Information Processing Systems, vol. 1,
pp- 133-140, Morgan Kaufmann, San Mateo, CA, USA, 1989.





