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Evolutionary Policy Iteration for Solving Markov
Decision Processes

Hyeong Soo Chang, Hong-Gi Lee, Michael C. Fu, and
Steven 1. Marcus

Abstract—We propose a novel algorithm called evolutionary policy iter-
ation (EPI) for solving infinite horizon discounted reward Markov decision
processes. EPI inherits the spirit of policy iteration but eliminates the need
to maximize over the entire action space in the policy improvement step,
so it should be most effective for problems with very large action spaces.
EPI iteratively generates a “population” or a set of policies such that the
performance of the “elite policy” for a population monotonically improves
with respect to a defined fitness function. EPI converges with probability
one to a population whose elite policy is an optimal policy. EPI is naturally
parallelizable and along this discussion, a distributed variant of PI is also
studied.

Index Terms—(Distributed) policy iteration, evolutionary algorithm,
genetic algorithm, Markov decision process, parallelization.

1. INTRODUCTION

In this note, we propose a novel algorithm called evolutionary policy
iteration (EPI) to solve Markov decision processes (MDPs) for an in-
finite horizon discounted reward criterion. The algorithm is especially
targeted to problems where the state space is small but the action space
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is extremely large so that the policy improvement step in policy itera-
tion (PI) becomes computationally impractical. For example, consider
a simple problem of balancing the loads in NV parallel queues by early
discard or migration of jobs to optimize a cost function of jobs’ waiting
time and throughput with a certain tradeoff parameter. Each queue can
hold at most K jobs, and is associated with a stochastic arrival sequence
of jobs generated by a simple on/oftf Markov modulated process with
two states, along with a single server. A state consists of the traffic gen-
eration state of the Markov modulated process and the number of jobs
in each queue, so that there are (2K )N states in total. An action is to
migrate each job in a queue to another queue or to stay/drop at/from
its own queue so that there are O(N'*) possible actions in total. For
N = 2 and I = 50, this leads to a state space size of 10*, whereas
the number of possible actions is on the order of 10'°.

EPI eliminates the operation of maximization over the entire action
space in the policy improvement step by directly manipulating policies
via a method called “policy switching” [2] that generates an improved
policy from a set of given policies. The computation time for gener-
ating such an improved policy is on the order of the state space size. The
basic algorithmic procedure imitates that of standard genetic algorithm
(GAs) (see, e.g., [6], [11], and [10]) with appropriate modifications and
extensions required for the MDP setting, based on an idea similar to the
“elitism” concepts introduced by De Jong [4]. In our setting, the elite
policy for a population is a policy that improves the performances of
all policies in the population. EPI starts with a set of policies or “pop-
ulation” and converges with probability one to a population of which
the elite policy is an optimal policy, while maintaining a certain mono-
tonicity property for elite policies over generations with respect to a
fitness value.

The literature applying evolutionary algorithms such as GAs for
solving MDPs is relatively sparse. The recent work of [8] uses a GA
approach to construct the minimal set of affine functions that describes
the value function in partially observable MDPs, yielding a variant of
value iteration (VI). Chin and Jafari [3] propose an approach that maps
heuristically “simple” GA [11] into the framework of PI. Unfortunately,
the convergence to an optimal policy is not always guaranteed.

As noted earlier, the main motivation for the proposed EPI algo-
rithm is the setting where the action space is finite but extremely large.
In this case, it could be computationally impractical to apply exact PI
or VI, due to the requirements of maximization over the entire action
space via, e.g., enumeration or random search methods. On the other
hand, local search cannot guarantee that a global maximum has been
found. Thus, the monotonicity in the policy improvement step is not
preserved. The proposed EPI algorithm preserves an analogous mono-
tonicity property over the elite policies in the populations. In some
sense, this is similar to distributing “action improvement” over time,
as in William and Baird’s work [12], [13] in the context of actor-critic
architecture, and asynchronous dynamic programming in [7], [1], with
a communication protocol. However, all of those works consider oper-
ators that improve a single policy rather than improving upon a set of
policies.

The main contribution of our work is the introduction of a new (ran-
domized) evolutionary (population-based) search algorithm for solving
MDP’s that: i) will be superior to PI and VI in settings where the size
of the action space is sufficiently large so as to render the maximization
step over all actions computationally impractical, and ii) is guaranteed
to converge (with probability 1). The use of policy switching in a pop-
ulation-based approach is novel. Furthermore, the algorithm can easily
be parallelized by partitioning the policy space and applying policy
switching to (convergent) elite policies for the subsets, obtaining an
optimal policy for the original policy space.

0018-9286/$20.00 © 2005 IEEE
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This note is organized as follows. We start with some background
on MDP’s in Section II. In Section III, we formally describe EPI with
detailed discussion and the convergence proof. In Section IV, we study
a distributed variant of PI and discuss how to speed up EPI by paral-
lelization. We conclude with some remarks in Section V.

II. BACKGROUND

Consider an MDP M = (X, A, P, R) with finite state space X,
finite action space A, reward function R : X X A — R, and transition
function P that maps a state and action pair to a probability distribution
over X. We denote the probability of transitioning to state y € X
when taking action « in state € X by P(x, a)(y). For simplicity, we
assume that every action is admissible in every state.

Let II be the set of all stationary policies 7 : X — A. Define the
optimal value associated with an initial state + € X : V*(x) =
maxern V7 (x),2 € X, whereforz € X,0<y< 1,7 €1l

Vi(z)=F Z'th(;rt, m(xe)) | 2o = 2
t=0
where x; is a random variable denoting state at time £ and - is the
discount factor. Throughout the note, we assume that ~ is fixed. The
problem is to find an optimal policy 7™ that achieves the optimal value
with an initial state, where the initial state is distributed with a proba-
bility distribution 6 defined over X .

PI computes 7 in a finite number of steps, because there are a fi-
nite number of policies in II and each iteration preserves monotonicity
in terms of the policy performance. The PI algorithm consists of two
parts: policy evaluation and policy improvement. We provide a formal
description of PI that follows.

Let B(X) be the space of real-valued functions on X . We define an
operator T : B(X') — B(X) as

T(®)(w) = max {R(l a)+7 Yy Pla, a)(y)@(y)}
y€eX
for ® € B(X),2 € X, and similarly, an operator 7 : B(X) —
B(X) forw € II as

Te(®)(x) = R(w,w(x)) +7 Y Pla,7(2))(y)®(y)
yeX
for ® € B(X),z € X. It is well known (see, e.g., [9]) that for each
policy = € II, there exists a corresponding unique & € B(X) such
that for # € X, T (®)(x) = ®(x), and ®(x) = V™ (). The policy
evaluation step obtains V'™ for a given m, and the policy improvement
step obtains & € II such that T(V™)(x) = T2 (V™ )(x),2 € X. The
policy # improves 7 in that V= (x) > V™ (z) forall # € X.

III. EVOLUTIONARY POLICY ITERATION
A. Algorithm Description

As with all evolutionary/GA algorithms, we define the kth gener-
ation population, (k = 0,1,2,...), denoted by A(%), which is a set
of policies in I, and n = |A(k)| > 2 is the population size, which
we take to be constant in each generation. Given the fixed initial state
probability distribution 6 defined over X, we define the average value
of m for § or fimess value of w = J§ = Y o V7 (x)8(x). Note that
an optimal policy ©* satisfies for any © € II, J;T* > Jg . We denote
P,., as the mutation selection probability, P, the global mutation prob-
ability, and P, the local mutation probability. We also define action
selection distribution . as a probability distribution over A such that
Y wcaft{a) = 1and p(a) > 0 forall @ € A. The mutation prob-
ability determines whether or not () is changed (mutated) for each
state 2z, and the action selection distribution j is used to change ()
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Evolutionary Policy Iteration (EPI)
o Initialization:
Select population size n and K > 0. A(0) = {71, ...,Tn},
where m; € II. Set N = k = 0, and Py,, Py and P in (0, 1],
and 7*(—1) = m.
o Repeat:
Policy Switching:
— Obtain V™ for each m € A(k).
— Generate the elite policy of A(k) defined as

m*(k)(z) € {argmax(V™ (z))(z)},z € X.

TEA(K)

Stopping Rule:
w 1 g7 B 2 g k=D N g
oo k *(k—1 ’ .
s 167 ® = g7 =D and N = K, terminate EPI.
w1t 7B = gD and N < K, N« N4 1

— Generate n — 1 random subsets S;,i = 1,...,n — 1 of A(k)
by selecting m € {2,...,n — 1} with equal probability
and selecting m policies in A(k) with equal probability.

— Generate n — 1 policies 7(S;) defined as:

m(S;)(z) € {argmax(V™ (z))(z)}, z € X.
wES;
Policy Mutation: For each policy 7(S;),t =1,...,n — 1,

— Generate a “globally” mutated policy 7" (S;) with Py,
using Py and p or a “locally” mutated policy 7" (.S;)
with 1 — P, using P; and p.

Population Generation:
= A(k+1) = {m k), 7S} i = 1y — 1,
— k—k+1.

Fig. 1. EPL

(see Section III-D for details). A high-level description of EPI is shown
in Fig. 1, where some steps (e.g., mutation) are described at a concep-
tual level, with details provided in the following subsections.

B. Initialization and Policy Selection

The EPI algorithm’s convergence is independent of the initial pop-
ulation A(0) (to be shown later) mainly due to the policy mutation
step. We can randomly generate an initial population or start with a set
of heuristic policies. A simple example initialization is to set A (0) such
that for each policy in A(0), the same action is prescribed for all states,
but for each policy in the initial population prescribes a different action.

C. Policy Switching

One of the basic procedural steps in GA is to select members from
the current population to create a “mating pool” to which “crossover”
is applied; this step is called “parent selection.” Similarly, we can de-
sign a “policy selection” step to create a mating pool; there are many
ways of doing this. The policy switching step includes this selection
step implicitly. Given a nonempty subset A of II, we define a policy @
generated by policy switching [2] with respect to A as

w(x) € {arg max_ (V™ (2))(2)}, r € X. (1)

It has been shown that the policy generated by policy switching im-
proves any policy in A (see [2, Th. 3]).

Theorem 3.1: Consider a nonempty subset A of II and the policy
7 generated by policy switching with respect to A given in (1). Then,
forallz € X, V7™ (z) > max.ea V7 (x).

This theorem immediately can be used to obtain the following result
relevant for the EPI algorithm.

Corollary 3.1: Consider a nonempty subset A of II and the policy
7 generated by policy switching with respect to A given in (1). Then,
for any initial state distribution 8, J& > max,ea J7.
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Proof: By the definition of 7 [see (1)], for any fixed 7 € A and
x € X,V7™(x) > V7 (z). Therefore

J5 =) Vi(@)s(a) > Y Vi(@)s(x) = J7
z€X reX
which implies that .J, f > maxXqea J§ . [ ]
We first generate a policy 7 (k), called the elite policy with respect
to the current population A (%), which improves any policy in A(k) via
policy switching. Note that this is different from the elitist concept of
De Jong [4], where the elitist is a best policy in the current population
A(k).In contrast, the elite policy #* (k) may not be a member of A(k),
and it may not be a best policy in A(k + 1), where it is included un-
mutated. Thus, the new population A (k + 1) contains a policy that im-
proves any policy in the previous population. Therefore, the following
monotonicity property holds. _
Lemma 3.1; Forany 6 and forall k > 0,J7 ¥ > JT
Proof: The proof is by induction. The base step is obvious from
the definition of 7”(0) and 7" (—1) by Corollary 3.1. Assume that
JEO > g7 6D for all i < k. Because EPI includes 7* (k) in
A(k + 1), the elite policy at k + 1 is generated over a population that
contains 7 (k). It implies that J7 "t > g (&) ]
We then generate n — 1 random subsets S;(i = 1,...,n — 1) of
A(k) as follows. We first select m € {2,...,n — 1} with equal proba-
bility and then select m policies from A (k) with equal probability. By
applying policy switching, we generate n — 1 policies defined as

7(S:)(x) € {arg max, g (V™ (x))(x)}, v € X.

These policies will be mutated to generate a new population (see the
next subsection).

Because policy switching directly manipulates policies, eliminating
the operation of maximization over the entire action space, its com-
putational time-complexity is O(m|X|), where m = |S;|, indepen-
dent of the action space size, leading to O(nm|X|) complexity in
the policy switching step and, hence, O(nm|X|*) overall when in-
cluding the O(|X|*) complexity for the policy evaluation needed to
compute V™. On the other hand, applying a single-policy improve-
ment step of PI directly to each policy in A(%), instead of generating
7(Si),i = 1,...,n — 1, is of complexity O(n|X|?*|A]).

Based on the previous analysis, we now make a brief comparison of
the EPI approach with Williams and Baird’s asynchronous policy iter-
ation [13]. As noted already, the main advantage of the EPI approach
is its independence of the size of the action space. Because the action
space is assumed to be quite large, applying the single-policy improve-
ment step over the full action space is impractical. Thus, to apply the
Williams/Baird asynchronous PI approach, one would have to choose a
subset of the action space; furthermore, this subset may have to change
from iteration to iteration. An obvious advantage of the EPI algorithm
is that this choice does not have to be made. On the other hand, the EPI
algorithm requires the choice of population size and requires solving
the state space equations for every member (policy) of the population,
whereas the Williams/Baird approach would only require this for a
single policy, so for large state spaces the EPI algorithm would defi-
nitely be at a disadvantage. Preserving theoretical convergence under
the PI operation over a changing action space subset does not appear
to be straightforward for the Williams/Baird approach, whereas con-
vergence of the EPI algorithm is independent of the population size,
though it does require the mutation step described in the next section.

*(k—1)

D. Policy Mutation

Policy mutation takes a given policy, and for each state, alters the
specified action probabilistically. The main reason to generate mutated
policies is to avoid being caught in local optima, making a probabilistic
convergence guarantee possible.
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We distinguish between two types of mutation—"local” and
“global”—which are differentiated by how much of the policy is
likely be changed (mutated). Local mutation is intended to guide the
algorithm in obtaining an exact optimal policy through local search of
“nearby” policies, whereas the global mutation allows EPI to escape
from local optima. A high mutation probability indicates that many
components of the policy vector are likely to be mutated, representing
a more global change, whereas a low mutation probability implies
that very little mutation is likely to occur, meaning a more localized
perturbation. For this reason, we assume that I, < P;, with P, being
very close to zero and P, being very close to one. The policy mutation
step first determines whether the mutation will be global or local, with
probability P,,. If the policy 7 is globally (locally) mutated, for each
state =, w(x) is changed with probability P,;(P;). If a mutation does
occur, it is carried out according to the action selection distribution
i, i.e., if the mutated policy is dented by 7', then the new policy is
generated according to P(7'(z) = a) = p(a), for all mutated states =
(the actions for all other states remain unchanged). For example, one
simple p is the uniform action selection distribution, in which case
the new (mutated) policy would randomly select a new action for each
mutated state (independently) with equal probability over the entire
action space.

E. Population Generation and Stopping Rule

At each kth generation, the new population A(k+ 1) is simply given
by the elite policy generated from A (%) and n— 1 mutated policies from
w(Si),i = 1,...,n — 1. This population generation method allows a
policy that is poor in terms of the performance, but might be in the
neighborhood of an optimal value located at the top of the very narrow
hill, to be kept in the population so that a new search region can be
started from the policy. This helps EPI avoid from being caught in the
region of local optima.

Once we have a new population, we need to test whether EPI should
terminate. Even if the fitness values for the two consecutive elite poli-
cies are identical, this does not necessarily mean that the elite policy
is an optimal policy as in PI; thus, we run the EPI algorithm K more
times so that these random jumps by the mutation step will eventually
bring EPI to a neighborhood of the optimum. As the value of I gets
larger, the probability of being in a neighborhood of the optimum in-
creases. Therefore, the elite policy at termination is optimal with more
confidence as I increases.

E. Convergence

Theorem 3.2: Given P, > 0,P; > 0,and P, > 0 and an action
selection distribution s such that 3y, p1(a) = 1 and p(a) > 0 for
alla € A. Then, as K — oo, V’r*("")(,r) - v (z),z € X, with
probability one uniformly over X, for any initial population A(0).

Proof: The proof is very simple. Observe first that as
K — o0,k — oo. This is because EPI terminates when N = K and
if N # K, the value of % increases by one.

From the assumption, the probability of generating an optimal policy
by the policy mutation step is positive. To see this, let « be the prob-
ability of generating one of the optimal policies by local mutation and
let 3 the probability of generating one of the optimal policies by global
mutation. Then

a > H Puyu(r*(x)) = (PHX. H p(r*(x)) >0

r€eX r€eX
B> I Pz () = (P T] iz (2)) > 0
reX reX

where 7" is a particular optimal policy in II. Therefore, the probability
of generating an optimal policy by the policy mutation step is positive
and this probability is independent of A(0).



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 50, NO. 11, NOVEMBER 2005

Therefore, the probability that A(k) does not contain an
optimal policy (starting from an arbitrary A(0)) is at most
(1 = )P )" V%((1 = B)(1 = Pn))"~Y*, which goes to
zero as k — oc. By Lemma 3.1, once A (k) contains an optimal policy,
A(k 4+ m) contains an optimal policy for any m > 1, because the
fitness value of an optimal policy is the maximum among all policies
in II. This proves the claim. u

IV. PARALLELIZATION

The EPI algorithm can be naturally parallelized and by doing so, we
can improve the running rate. Basically, we partition the policy space
II into subsets of {II;} such that | J, II; = II and II; N II; = @ for all
i # j. We then apply EPI to each II; in parallel, and then once each part
terminates, the best policy 7} from each part is taken. We then apply
policy switching to the set of best policies {m; }. We state a general
result regarding parallelization of an algorithm that solves an MDP.

Theorem4.1: Given a partition of IT such that | J, II; = IT and II; N
II; = forall i # j, consider an algorithm A that generates the best
policy 7} for TT; such that forall 2 € X, V™i (z) > max.em, V™ (z).
Then, the policy 7 defined as

a(x) € {arg max, « (V":(;L'))(w)} , reX
is an optimal policy for II.
Proof: Viapolicy switching, 7= improves the performance of each
7l ie, V7(z) > maxy: V™i(x),z € X, implying that 7 is an
optimal policy for II, since the partition covers the entire policy space.l

Note that we cannot just pick the best policy among 7 in terms of
the fitness value .J§ . The condition that J7 > .]g'/ for 7 # ' does
not always imply that V™ (z) > v () for all z € X even though
the converse is true. In other words, we need a policy that improves
all policies w;. Picking the best policy among such policies does not
necessarily guarantee an optimal policy for II.

If the number of subsets in the partition is V, the overall convergence
of the algorithm A is faster by a factor of V. For example, if at state
x, the action @ or b can be taken, let Il = {7 |7 (x) = a, 7 € II} and
I, = {x |n(x) = b,w € II}. By using this partition, the convergence
rate of the algorithm .4 will be twice as fast.

By Theorem 4.1, this idea can be applied to PI via policy switching,
yielding a “distributed” PI. Apply PI to each II;; once PI for each
part terminates, combine the resulting policy for each part by policy
switching. The combined policy is an optimal policy, so that this
method will speed up the original PI by a factor of V if the number
of subsets in the partition is N. However, this distributed variant of PI
requires the maximization operation over the action space in the policy
improvement step. The result of Theorem 4.1 also naturally extends to
a dynamic programming version of PI, similarly to EPI. For example,
we can partition II into II; and I3, and further partition I, into I,
and II 2, and II5 into II2; and II25. The optimal substructure property
is preserved by policy switching. If the number of subsets generated in
this way is 3, then the overall computation time of an optimal policy is
O(3-|X|-C), where C is the maximum size of the subsets in terms
of the number of policies, because policy switching is applied [V times
with O(| X |) complexity and C' is an upper bound on PI-complexity.

The discussion in this section motivates a very interesting future re-
search topic. How do we partition the policy space so that PI or EPI
converges faster? For some partitions, we can even obtain the best poli-
cies for some subsets analytically. However, in general, partitioning the
policy space to speed up a convergence would be a difficult problem and
would require a structural analysis on the problem or the policy space.
Here, we just briefly speculate on three possible ways of partitioning
the policy space, as a more in-depth development of this topic requires
further research. Let /V be the number of subspaces. The simplest way
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of partitioning the policy space is a random partition, where each policy
is assigned to a particular subspace according to some probability dis-
tribution (e.g., uniformly). Another possible approach is to build a “de-
cision tree” on the policy space based on identification of suboptimal
actions. Assume that there exist a lower bound function V'™ () and an
upper bound function V¥ (z) such that V¥ (z) < V*(z) < VY (x)
forall x € X. Then,ifforx € X andb € A
R(z.b) +75 ) Pa.b) )V (9) < VE(x)
y€eX

any stationary policy that uses action b in state & is nonoptimal (see [9,
Prop. 6.7.3]). Based on this fact, we start with a particular state v € X
and identify nonoptimal action set ¢(x) at = and build subsets I, ,
of the policy space with a € A — p(x). Effectively, we are building a
A—@(x)|-ary tree with = being a root. We then repeat this with another
state y € X at each child II, , of the tree. We continue building a tree
in this way until the number of children at the leaf level is V. Note
that for some problems, nonoptimal actions are directly observable.
For example, for a simple multiclass deadline job scheduling problem
of minimizing the weighted loss, if a job’s deadline is about to expire,
all actions selecting a pending job from a less important class than that
of the dying job are nonoptimal. A third approach is to select some
features on policies, and then use the features for building the decision
tree to partition the policy space.

V. CONCLUDING REMARKS

Much of the work in the MDP literature considers aggregation in the
state space (see, e.g., [5]) for an approximate solution for a given MDP.
Our discussion on the parallelization of PI and EPI can be viewed in
some sense as an aggregation in the policy space, where the distributed
version of PI can be used to generate an approximate solution of a given
MDP.

In our setting, mutation of a specified action in a state is carried out
using a given action selection distribution. If the action space is contin-
uous, say [0, 1], a straightforward implementation would only change
the least significant digit for local mutation and the most significant
digit for global mutation, if the numbers in [0, 1] are represented by a
certain number of significant digits.

GAs are known to work well for many continuous domain problems
but to face difficulties of a different kind for problems where the deci-
sion variables are discrete [10]. However, EPI circumvents this problem
via policy switching, an idea that has not been exploited in the GA lit-
erature previously.
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Reduced-Complexity Nonlinear H °° Control of
Discrete-Time Systems

J. W. Helton, M. R. James, and W. M. McEneaney

Abstract—In this note, we describe a reduced-complexity solution to the
nonlinear H°° control problem. This reduction applies to systems where
some of the states are perfectly known, and is an intermediate problem be-
tween full state feedback and the standard measurement feedback problem.
The reduction of computational complexity is significant and of practical
importance. Online implementation is feasible with 2003 computer tech-
nology for a range of practical engineering design problems.

Index Terms—Infinite-dimensional dynamical systems, information
states, nonlinear estimation, nonlinear H, control, reduced-complexity
observers, reduction of computational complexity.

I. INTRODUCTION

The H > problem originated in the work of [23] on robust control,
which focused on frequency domain ideas (this is where the H™ ter-
minology comes from). This work sparked a great deal of interest, and
eventually an elegant and fundamentally important state—space solu-
tion was obtained, [2]. The state space solution takes the form of a dif-
ferential game, and readily extends to solve nonlinear problems, [1].
The state feedback problem can be solved for the “optimal” control via
the solution of a nonlinear Hamilton—Jacobi—Isaacs (HJI) partial dif-
ferential equation (PDE), [1], [8], [22]. In the linear case, the HII PDE
reduces to the solution of a Riccati equation. However, one does not
typically have perfect state knowledge, and so the theory was extended
to measurement feedback nonlinear H control [1], [8], [12], [13],
[15], [17], [22].

At the core of nonlinear H > control theory lie two PDEs. One is
a first-order evolution equation called the information state equation
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f Piv1 = F (ks g, Yrs1)

Fig. 1. Structure of the nonlinear H *° controller.

which plays the role of a generalized state estimator and in fact consti-
tutes the dynamics of the controller; it is written generally as

Prr1 = F(pr, g, Yrt1) (n

and must be implemented online (like a modified Kalman filter). In
the PDE (1), p is a scalar function p(t,-), on R", where R" is the
state—space of the plant G, which in the case of linear systems reduces
to a quadratic form with weighting matrix Y"~'. The second PDE is
defined on the space of possible information states and determines the
output law for the controller, namely, it gives a function f producing the
control signal u(t) via the formula u(¢) := f(p(t,-)) at time ¢ based
on the current state p, of the controller (information state feedback).
This can be implemented offfine. Under special conditions, known as
certainty equivalence conditions, the second PDE can be replaced by
a simpler state feedback PDE on the state space R" of the plant. The
structure of the nonlinear H °° controller is shown in Fig. 1.

This note concerns only the information state partial differential (1)
(actually a discrete time version of it) and for the purpose of this note
we will suppose that since the calculations can be done offline the feed-
back function f has been obtained, perhaps using special structure, ap-
proximation, and long computing time. We focus on reducing the com-
putational cost of implementing the information state controller for a
class of problems we call cheap sensor problems, where a number of
the state vector components are assumed perfectly measured. The re-
duction of computational complexity is significant and of importance
since online implementation is feasible with 2003 computer technology
for a range of practical engineering design problems, .

The note is organized as follows. In Section II, the robust control
problem to be solved is described. Then in Section III the full com-
plexity solution is summarized. The reduced-complexity solution is
given in Section IV. Finally, in Section V some concluding remarks
concerning implementation and computational complexity are given.

II. PROBLEM STATEMENT

We consider nonlinear discrete-time systems G of the form

fk+1 = b(E}vaukaUIe‘)a k 2 0
G: oz =&, ur), k>0 ?2)
Y = h(ﬁk'/wk')v k 2 L.

Here, & € R, up e R, wr € R%, v € R,y € RP and 2 €
R are the state, control input, observation disturbance input, dynamics
disturbance input, output and performance measure, respectively. We
will be interested in a particular form for % to be described shortly.
We use the notation wvor—1 = {vo,..., b1}, Wi x =

{wi,...,wi}, etc, to indicate sequences of signals. Write
Upoo = {tloee + 45 € R}, Vo = {4100 + yi € R}

An admissible measurement feedback controller is a causal map
K : Vi — U, meaning that for each time £ > 0 if yl,
y? EViwoandy! =yl foralll <i < kthen K(y')x = K(y*),
i.e., the control at time k is independent of future measurements. The
initial control u¢ does not depend on y, for any k. Denote by K the
class of such admissible controllers. We sometimes abuse notation by
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