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Abstract

In this paper, approximate dynamic programming (ADP) problems are modeled by discounted

infinite-horizon Markov decision processes (MDPs) with uncertain stationary transition matrices. The

uncertainty in the transition matrices signifies the realistic consideration that an accurate system model

may not always be available for the controller design to achieve acceptable performance. In this paper,

MDPs are considered under the reformulated definitions of independent or correlated transition matrices.

Preciously existing results have focused on addressing optimality criteria and robust ADP algorithms for

MDPs with independent transition matrices. Robust value iteration and robust policy iteration are such

algorithms that lead to stationary deterministic optimal policies. Major contributions of this paper are

two folds. It first provides sufficient conditions and algorithms to determine a stationary deterministic

optimal policy for all independent transition matrices and some correlated transition matrices. As a

consequence, the robust policy iteration algorithm is simplified. It then proposes a new, squared total

value function to address the existence of a stationary deterministic optimal policy for all possible

transition matrices, independent or correlated. A new robust policy iteration under total value function

is developed, which degenerates to the previous robust policy iteration. The paper also reveals that the

optimality criterion and the robust policy iteration under total value function can be used to solve MDPs

with uncertain cost functions and weighted squared total value functions.
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I. I NTRODUCTION

Dynamic programming (DP) is a computational approach to finding an optimal policy by

employing the principle of optimality introduced by Richard Bellman [1]. Contemporary DP

techniques make use of approximation and learning to address the “curse of dimensionality” when

applying DP to large problems. These algorithms are now referred to as approximate dynamic

programming (ADP). A number of the state-of-the-art ADP algorithms have been developed [2].

A natural tool for analyzing and designing DP and ADP algorithms is the use of Markov decision

processes (MDPs). Under the setting of finite-state and finite-action MDPs, the algorithms of

value iteration and policy iteration, which apply dynamic programming directly, are guaranteed to

converge to an optimal policy. However, in practice, accurate knowledge represented in transition

probabilities is difficult to obtain. Thus, exact solutions via classic dynamic programming are not

attainable, and value iteration and policy iteration are not applicable anymore with guaranteed

optimal solutions. Actually any small deviation from the estimation process of the transition

probabilities may potentially generate significant impact on the solutions or may result in signif-

icant deviation of the solutions from the optimal values [5]. Hence, robust approximate dynamic

programming is needed to address the question of how to use approximation method with an

appropriate robustness built in to extend the power of the Bellman Equation.

In this paper, MDPs with uncertain transition matrices are discussed. Representative efforts in

developing robust dynamic programming algorithms may be summarized in [5]- [9]. One com-

monly used principle of optimality criterion for robust algorithms is to minimize the maximum

value function for any initial state, which generalizes the optimality criterion of minimizing the

expected total discounted cost for MDPs with exact transition matrices. Based on this optimality

criterion, the algorithms given in [5] and [6] are named as robust value iteration and robust policy

iteration, respectively, since these algorithms follow similar steps to value iteration and policy

iteration for MDPs with exact transition matrices. Note that robust policy iteration requires each

transition probability row be estimated using a closed convex set.

To deal with uncertain transition matrices, the notion of correlation was first introduced in [5]

and [9] in the context of MDPs. However, in this paper, mathematically clear and more tractable
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definitions of independence and correlation of transition matrices are provided. Using these newly

formulated definitions, existing optimality criteria and robust algorithms were developed only for

MDPs with independent transition matrices. Based on the optimality criterion of minimizing the

maximum value function for any initial state, the existence of a stationary deterministic optimal

policy requires two conditions: (i) for any stationary deterministic policy, there is at least one

among all possible stationary transition matrices such that the value function of the policy reaches

maximum for any initial state; (ii) there is at least one stationary deterministic policy such that

its maximum value function is less than or equal to the maximum value functions of all other

policies for any initial state. These conditions are too strong to be satisfied for all MDPs with

correlated transition matrices. Even if an optimal policy exists for an MDP with correlated

transition matrices, robust value iteration and robust policy iteration may not be applicable to

guarantee optimal solutions.

In this paper, using the reformulated definitions of independent transition matrices and corre-

lated transition matrices, MDPs are classified into two types according to the properties of their

corresponding transition matrices. Sufficient conditions are provided to guarantee the existence

of a stationary deterministic optimal policy under the optimality criterion of minimizing the

maximum value function for any initial state and the applicability of both robust value iteration

and robust policy iteration, without the condition that the set estimation of each transition

probability row is closed convex. Robust policy iteration is simplified in the policy evaluation

step. An optimality criterion of minimizing the maximum squared total value function is proposed

to guarantee the existence of a stationary deterministic optimal policy for MDPs with uncertain

transition matrices under a weaker condition. This criterion generalizes the optimality criterion

of minimizing the maximum value function for any initial state. Based on this new optimality

criterion, a robust policy iteration under total value function is developed. It degenerates to

robust policy iteration when the sufficient condition is satisfied. The optimality criterion and

robust policy iteration under total value function can be used to solve problems of MDPs with

uncertain cost functions and weighted squared total value functions.

The rest of the paper is organized as follows. Section 2 provides the problem formulation. In

section 3, sufficient conditions are presented to guarantee that robust value iteration and robust

policy iteration can be used. In section 4, an optimality criterion of minimizing the maximum

squared total value function is proposed and it is proven that an optimal policy exists under a
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weak condition and this optimality criterion generalizes the optimality criterion of minimizing

the maximum value function for any initial state. Based on this optimality criterion, robust policy

iteration under total value function is given in section 5. In section 6, two examples are given

to illustrate how the optimality criterion and robust policy iteration under total value function

work. The paper concludes in section 7.

II. PROBLEM FORMULATION

A finite-state, finite-action, infinite-horizon MDP with stationary transition matrices is de-

scribed as follows. LetT denote the discrete, infinite decision horizon, whereT = {0, 1, 2, · · ·}.

At each stage, the system occupies a statei ∈ S, whereS is the state space withn states and

denoted asS = {1, 2, · · · , n}. A decision maker is allowed to choose an actiona deterministically

from a finite state-dependent set of allowable actions, denoted byAi = {a1i
, a2i

, · · · , ami
}.

Let M =
n∑

i=1
mi. Let “a” be a function mapping states into actions witha(i) ∈ Ai. Denote

a stationary controller policy byπ, i.e., π = (a, a, · · ·) and let Π represent the stationary

deterministic controller policy space. Define the cost corresponding to statei ∈ S and action

a ∈ Ai by c(i, a). Assume thatc(i , a) is non-negative and finite. The costs are time discounted

by the factorγ (0 < γ < 1). The system starts from an initial state. The states make Markov

transitions according to stationary transition probabilitiespa
ij from one statei to another statej

under an actiona. In a more general setting, let each transition probabilitypa
ij (0 ≤ pa

ij ≤ 1) be

represented by a function of a parameter vector denoted asUa
i

pa
ij

∆
= fa

ij(U
a
i ) for any i, j ∈ S, a ∈ Ai, (1)

where

Ua
i =

(
ua

i1
· · · ua

ij
· · · ua

il

)
, (2)

and
n∑

j=1

pa
ij =

n∑
j=1

fa
ij(U

a
i ) = 1. (3)

A special parameter vectorUa
i is defined in [5]- [9], where

Ua
i =

(
pa

i1 · · · pa
ij · · · pa

i(n−1)

)
, (4)
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and thus

pa
ij = fa

ij(U
a
i ) =


pa

ij 1 ≤ j ≤ n− 1

1−
n−1∑
j=1

pa
ij j = n

. (5)

Let P a
i be a transition probability row under the statei ∈ S and the actiona ∈ Ai of the

transition matrix

P a
i =

(
pa

i1 · · · pa
ij · · · pa

in

)
∆
=
(
fa

i1(U
a
i ) · · · fa

ij(U
a
i ) · · · fa

in(Ua
i )
)
. (6)

Let fa
i (Ua

i ) =
(
fa

i1(U
a
i ) · · · fa

ij(U
a
i ) · · · fa

in(Ua
i )
)
, and then

P a
i

∆
= fa

i (Ua
i ). (7)

Further, all transition probability rows constitute anM× n transition matrixP

P =



P
a11
1

...

P
aji
i

...

P amn
n


∆
=



f
a11
1 (U

a11
1 )

...

f
aji
i (U

aji
i )

...

famn
n (Uamn

n )


. (8)

Actually, let

U =



U
a11
1

...

U
aji
i

...

Uamn
n


. (9)

Each transition probability is easily extended to be a function ofU,

pa
ij = f

a

ij(U)
∆
= fa

ij(U
a
i ), (10)

and then each transition probability rowP a
i and the transition matrixP can also be extended to

be a function ofU

P a
i = f

a

i (U)
∆
=
(
f

a

i1(U) · · · fa

ij(U) · · · fa

in(U)
)
, (11)
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P =



P
a11
1

...

P
aji
i

...

P amn
n


∆
=



f
a11
1 (U)

...

f
aji
i (U)

...

f
amn

n (U)


. (12)

The n× n transition matrix for a stationary controller policyπ is denoted as

P π =



P
a(1)
1

...

P
a(i)
i

...

P a(n)
n


∆
=



f
a(1)

1 (U)
...

f
a(i)

i (U)
...

f
a(n)

n (U)


. (13)

Let the parameters inU be uncertain, and letU vary in a known subset of<|U| denoted as

U . The set estimation of the transition matrixP is expressed as

P = {P : U ∈ U}. (14)

The uncertain parameter vectorU, the uncertain transition matrixP , and the uncertain transition

matrix for any stationary policyπ denoted asP π are regarded as variables.

We are now in a position to introduce the concepts of independence and correlation forU, P

andP π.

Definition (Projection, Correlation, Independence):

Let

Y =



y1

...

yi

...

yl


(15)

whereyi ∈ <ni and

{yi1 , · · · , yij , · · · , yir} ⊆ {y1, · · · , yi, · · · , yl} (1 ≤ i1 < · · · < ij < · · · < il ≤ l).
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Let the set estimation ofY beY, whereY ⊆ <n1 × · · · × <ni × · · · × <nl.

The projection ofY in the direction of{yi1 , · · · , yij , · · · , yir} is denoted asY{i1···ij ···ir}, where

Y{i1···ij ···ir}
∆
=





yi1

...

yij

...

yir


∈ <ni1 × · · · × <nij × · · · × <nir :

there exists ay ∈ Y

such that theij-th element

of y is yij (1 ≤ j ≤ r)


.

(16)

Under this definition, the projection ofY in the direction of{yi} or yi is denoted asY{i} or

Yi (1 ≤ i ≤ l).

Y is correlated or{y1, · · · , yi, · · · , yl} are correlated if

Y ⊂ Y1 × · · · × Yi × · · · × Yl, (17)

where “⊂” indicates proper subset from here on.

Y is independent or{y1, · · · , yi, · · · , yl} are independent if

Y = Y1 × · · · × Yi × · · · × Yl. (18)

Definition (Correlated transition matrix, Independent transition matrix) :

The transition matrixP is correlated if

P ⊂ Pa11
1 × · · · × Paji

i × · · · × Pamn
n , (19)

wherePaji
i is the projection ofP in the direction ofP

aji
i for any statei ∈ S and any action

aji
∈ Ai.

The transition matrixP is independent if

P = Pa11
1 × · · · × Paji

i × · · · × Pamn
n . (20)

Definition (Correlated transition matrix for a stationary controller policy, Independent

transition matrix for a stationary controller policy) :

The transition matrixP π for a stationary controller policyπ = (a, a, · · ·) ∈ Π is correlated if

Pπ ⊂ Pa(1)
1 × · · · × Pa(i)

i × · · · × Pa(n)
n , (21)
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wherePπ is the projection ofP in the direction of{P a(1)
1 , · · · , P a(i)

i , · · · , P a(n)
n } andPa(i)

i is

the projection ofP in the direction ofP a(i)
i for any statei ∈ S.

The transition matrixP π for a stationary controller policyπ = (a, a, · · ·) ∈ Π is independent if

Pπ = Pa(1)
1 × · · · × Pa(i)

i × · · · × Pa(n)
n . (22)

Remark: (i) The setPa11
1 × · · · × Paji

i × · · · × Pamn
n is a M-dimension hyper-rectangle. When

the set estimation of the transition matrixP denoted asP is a proper subset of this hyper-

rectangle,P is correlated. WhenP is equal to the hyper-rectangle,P is independent. (ii) An

exact transition matrixP is a special case of an independent transition matrix. (iii) WhenU

defined in (9) is independent, i.e.,U = Ua11
1 × · · · × Uaji

i × · · · × Uamn
n , the transition matrix

P is also independent. (iv) The setPa(1)
1 × · · · × Pa(i)

i × · · · × Pa(n)
n is a n-dimension hyper-

rectangle. When the set estimation of the transition matrixP π for a controller policyπ denoted

as Pπ is a proper subset of this hyper-rectangle,P π is correlated. WhenPπ is equal to the

hyper-rectangle,P π is independent. (v) When{Ua(1)
1 , · · · ,Ua(i)

i , · · · ,Ua(n)
n } is independent, i.e.,

the projection ofU in the direction of{Ua(1)
1 , · · · ,Ua(i)

i , · · · ,Ua(n)
n } is a n-dimension hyper-

rectangle,P π is also independent. (vi) Example 1 in section 6 illustrates the concepts of the

projection ofP in the direction of some transition probability rowP a
i , independent transition

matrix, correlated transition matrix, independent transition matrix for some controller policy, and

correlated transition matrix for some controller policy.

According to the properties of transition matrices, MDPs are thus classified into MDPs with

independent transition matrices and MDPs with correlated transition matrices.

Definition (A stationary nature policy): A stationary nature policy refers to a specific collection

of time-independent transition matrices chosen by nature [5], denoted asτ , i.e., τ = (P, P, · · ·).

The set of stationary admissible nature policies is denoted asT

T ∆
= {τ = (P, P, · · ·) : P ∈ P} . (23)

The optimality criterion of minimizing the maximum value function for any initial state has

the following three equivalent expressions:

min
π∈Π

max
τ∈T

vπ
τ (i) = v∗(i) for any initial state i ∈ S, (24)
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where vπ
τ (i) is the value function under the stationary controller policyπ and the stationary

nature policyτ at the initial statei

vπ
τ (i) = Eπ

i (
∞∑

t=0

γtc(j, a)|τ); (25)

or

min
π∈Π

max
P∈P

vπ
P (i) = v∗(i) for any initial state i ∈ S, (26)

where vπ
P (i) is the value function under the stationary controller policyπ and the transition

matrix P at the initial statei

vπ
P (i) = Eπ

i (
∞∑

t=0

γtc(j , a)|P ); (27)

or

min
π∈Π

max
U∈U

vπ
U(i) = v∗(i) for any initial state i ∈ S, (28)

wherevπ
U(i) is the value function under the controller policyπ and the parameter vectorU at

the initial statei

vπ
U(i) = Eπ

i (
∞∑

t=0

γtc(j , a)|U). (29)

Next, a stationary optimal policy pair is defined, according to the optimality criterion given

in (24)-(29).

Definition (Stationary optimal policy pair): A stationary policy pair(π∗, τ ∗) is optimal if

vπ∗

τ∗ (i) = max
τ∈T

vπ∗

τ (i) = min
π∈Π

max
τ∈T

vπ
τ (i) for any initial statei ∈ S; (30)

or equivalently,(π∗, P ∗) is optimal if

vπ∗

P ∗(i) = max
P∈P

vπ∗

P (i) = min
π∈Π

max
P∈P

vπ
P (i) for any initial statei ∈ S, (31)

whereτ ∗ = (P ∗, P ∗, · · ·); or equivalently,(π∗,U∗) is optimal if

vπ∗

U∗(i) = max
U∈U

vπ∗

U (i) = min
π∈Π

max
U∈U

vπ
U(i) for any initial statei ∈ S, (32)

whereP ∗ is the value atU∗.

For MDPs with independent transition matrices, the existence of a stationary optimal policy

pair has be shown and it can be computed by robust value iteration [5]. For MDPs with

independent transition matrices under the condition that the set estimation of each transition
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probability row defined in (11) is closed convex, the existence of a stationary optimal policy

pair has be shown and it can be computed by robust policy iteration [6].

However, for MDPs with correlated transition matrices, it is more complicated. There are three

possible scenarios: (i) a stationary optimal policy pair exists and both robust value iteration and

robust policy iteration can be used for obtaining an optimal policy pair; (ii) a stationary optimal

policy exists but neither robust value iteration nor robust policy iteration is useful; (iii) a stationary

optimal policy pair does not exist at all. Example 1 given in section 6 is used to illustrate those

scenarios.

Next we shed some light on why sometimes an optimal policy pair does not exist under

the optimality criterion defined in (24)-(29) for MDPs with correlated transition matrices. The

definition of an stationary optimal policy pair given by (30)-(32) can be interpreted as the

conditions for the existence of a stationary optimal policy pair:

for any givenπ ∈ Π, there is, at least oneτπ such that

vπ
τπ(i) = max

τπ∈T
vπ

τ (i) for any i ∈ S; (33)

and there is at least oneπ∗ ∈ Π such that

vπ∗

τπ∗ (i) = min
π∈Π

vπ
τπ(i) for any i ∈ S. (34)

We can see that a stationary optimal policy pair(π∗, τπ∗) is independent of initial states. However,

for MDPs with correlated transition matrices, initial states may affect optimal controller policies

or optimal nature policies. Different initial states can correspond to different optimal controller

policies or optimal nature policies. That contradicts the definition of a stationary optimal policy

pair which is independent of initial states.

Based on the three possible scenarios for MDPs with correlated transition matrices, three

prominent issues are present: (i) under what sufficient conditions a stationary optimal policy

pair exists subject to the optimality criterion defined in (24)-(29), and furthermore, both robust

value iteration and robust policy iteration can be used for obtaining a stationary optimal policy

pair; (ii) what new optimality criterion can be proposed to guarantee the existence of a stationary

optimal policy pair under relatively weak conditions as compared with those given by (33)-(34)

with regard to the optimality criterion defined in (24)-(29); (iii) what efficient algorithm can be

developed to obtain a stationary optimal policy pair based on the new optimality criterion.
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III. SUFFICIENT CONDITIONS FORROBUST VALUE ITERATION AND ROBUST POLICY

ITERATION

In this section, sufficient conditions are developed for MDPs with correlated transition matrices

to guarantee that a stationary optimal policy pair exists and that both robust value iteration and

robust policy iteration can be used for obtaining a stationary optimal policy pair. First, three

lemmas are presented, where Lemma 1 was proven in [5]. Then, two theorems are given for

robust value iteration and robust policy iteration, respectively. Details of the proofs of these

results are given in Appendices.

Lemma 1:For any givenπ = (a, a, · · ·) ∈ Π and any given non-negative row vectorq ∈ <1×n
+ ,

consider

max
v∈<n×1

qv : v(i) ≤ (gπ(v))i (35)

(gπ(v))i
∆
= c(i, a(i)) + γ max

P
a(i)
i ∈Pa(i)

i

P
a(i)
i v i ∈ S, (36)

wherePa(i)
i is the projection ofP in the direction ofP a(i)

i . Let the feasible solution space be

denoted asΩ1. For any given non-negative row vectorq ∈ <1×n
+ , consider

max
v∈<n×1

qv : v(i) ≤ (g(v))i (37)

(g(v))i
∆
= min

a∈Ai

(
c(i, a) + γ max

P a
i ∈P

a
i

P a
i v

)
i ∈ S, (38)

wherePa
i is the projection ofP in the direction ofP a

i . Let the feasible solution space be

denoted asΩ2. Then, the functionsgπ andg are monotone non-decreasing and contractive. The

problems (35) and (37) have the unique optimal solutions denoted asvπ
∞ andv∞, which are the

unique solutions to the fixed-point equationsv = gπ(v) andv = g(v), respectively. The optimal
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transition probability rows for (35) are given by

(
P

a(i)
i

)∗
∈ arg max

P
a(i)
i ∈Pa(i)

i

{
P

a(i)
i vπ

∞

}
i ∈ S, (39)

where the optimal transition matrix forπ denoted as(P π)∗ is defined by

(P π)∗
∆
=



(
P

a(1)
1

)∗
...(

P
a(i)
i

)∗
...(

P a(n)
n

)∗



∈ Pa(1)
1 × · · · × Pa(i)

i × · · · × Pa(n)
n . (40)

The optimal transition probability rows for (37) are given by

(P a
i )∗ ∈ arg max

P a
i ∈P

a
i

{P a
i v∞} i ∈ S, a ∈ Ai, (41)

where the optimal transition matrixP ∗ is defined by

P ∗ ∆
=



(
P

a11
1

)∗
...(

P
aji
i

)∗
...

(P amn
n )∗



∈ Pa11 × · · · × Paji
i × · · · × Pamn

n . (42)

According to the fixed-point theorem,vπ
∞ and v∞ are computed by the iterative processes

given in Algorithm 1 and 2, respectively.

Algorithm 1 Iteration Algorithm for Optimal Solutionvπ
∞ of Problem (35)

1. selectvπ
0 ∈ <n×1 and setk = 0;

2. computevπ
k+1 by

vπ
k+1 = gπ(vπ

k ); (43)

3. terminate ifvπ
k+1 = vπ

k and outputvπ
∞ = vπ

k with (P π)∗ given in (40); otherwise, setk = k + 1 and go to2.
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Algorithm 2 Iteration Algorithm for Optimal Solutionv∞ of Problem (37)
1. selectv0 ∈ <n×1 and setk = 0;

2. computevk+1 by

vk+1 = g(vk); (44)

3. terminate ifvk+1 = vk and outputv∞ = vk with P ∗ given in (42); otherwise, setk = k + 1 and go to2.

Remark: In principle, vπ
0 and v0 can be selected arbitrarily in<n×1 for Algorithm 1 and

Algorithm 2, respectively. However, some special choices ofvπ
0 andv0 can accelerate the iterative

convergence process. LetGπ = {v : v ≥ gπ(v)} andG = {v : v ≥ g(v)}. For (35), whenvπ
0 ∈ Ω1,

the sequence{vπ
k} is non-decreasing, or whenvπ

0 ∈ Gπ, the sequence{vπ
k} is non-increasing,

and thus{vπ
k} converges tovπ

∞ faster than initial values which are not inΩ1 or in Gπ. For (37),

when v0 ∈ Ω2, the sequence{vk} is non-decreasing, or whenv0 ∈ G, the sequence{vk} is

non-increasing, and thus, the sequence{vk} converges tov∞ faster than initial values which are

not in Ω2 or in G.

Lemma 2:For any givenπ = (a, a, · · ·) ∈ Π and any given non-negativeq ∈ <1×n
+ , consider

max
τ∈T ,v

qv = max
P π∈Pπ ,v

qv : v(i) ≤ c(i, a(i)) + γP
a(i)
i v i ∈ S, (45)

wherePπ is the projection ofP in the direction of{P a(1)
1 , · · · , P a(i)

i , · · · , P a(n)
n }. Let the feasible

solution space be denoted asΩ3. Then, forπ ∈ Π, if there exists at least one(P π)∗ defined

in (40) such that(P π)∗ ∈ Pπ, Algorithm 1 for problem (35) can be used for problem (45) to

obtain the optimal solutionvπ
∞ ∈ Ω3.

Lemma 3:For any given non-negativeq ∈ <1×n
+ , consider

max
τ∈T ,v

qv = max
P∈P,v

qv : v(i) ≤ c(i, a) + γP a
i v i ∈ S, a ∈ Ai. (46)

Let the feasible solution space be denoted asΩ4. Then, if there exists at least oneP ∗ defined
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in (42) such thatP ∗ ∈ P, Algorithm 2 for problem (37) can be used for problem (46) to obtain

the optimal solutionv∞ ∈ Ω4.

Corollary 1: When the transition matrix for a controller policyπ ∈ Π, P π defined by (13),

is independent in the setPπ, Algorithm 1 for problem (35) can be used for problem (45).

Corollary 2: When the transition matrixP defined by (12) is independent in the setP,

Algorithm 1 and Algorithm 2 for problems (35) and (37) can be used for problems (45) and

(46), respectively.

Theorem 1:When for anyπ ∈ Π, there exists at least one(P π)∗ defined in (40) such that

(P π)∗ ∈ Pπ, and there exists at least oneP ∗ defined in (42) such thatP ∗ ∈ P, a stationary

optimal policy pair exists under the optimality criterion of minimizing the maximum value

function for any initial state defined in (24)-(29), and robust value iteration can be used for

obtaining a stationary optimal policy pair.

Theorem 2:When for anyπ ∈ Π, there exists at least one,(P π)∗ defined in (40) such that

(P π)∗ ∈ Pπ, and there exists at least oneP ∗ defined in (42) such thatP ∗ ∈ P, a stationary

optimal policy pair exists under the optimality criterion of minimizing the maximum value

function for any initial state defined in (24)-(29), and robust policy iteration can be used for

obtaining a stationary optimal policy pair in finite iterations.

Robust policy iteration in [6] requires the condition that the set estimation of each transition

probability row defined by (11) is closed convex. Actually, it can be used without this condition,

and it is proven in an easier way than in [6] as shown in the appendix. Furthermore, the policy

evaluation step in robust policy iteration can be simplified as shown in Algorithm 1, i.e., for any

π ∈ Π, if (P π)∗ ∈ Pπ, the maximum value function for any initial state can be computed by

Algorithm 1.

Using the above two theorems, robust value iteration and robust policy iteration are ready to

be applied to address MDPs with correlated transition matrices.
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Specially, consider for anyπ ∈ Π, (P π)∗ ∈ Pπ, and robust value iteration or robust policy

iteration can be used to obtain an optimal controller policyπ∗ and all possible optimal nature

policies P ∗. This implies that with a one step assessment for the existence of at least one

optimal nature policyP ∗ such thatP ∗ ∈ P, according to Theorem 1 and Theorem 2, robust

value iteration and robust policy iteration algorithms will lead to an optimal solution. On the

other hand, if there is noP ∗ ∈ P, then there is no guarantee that robust value iteration and robust

policy iteration algorithms will lead to an optimal solution. In Example 1 given in section 6, for

case (i), anyP π andP are independent and thus both robust value iteration and robust policy

iteration can be used. For cases (ii), (iii) and (iv), anyP π is independent, butP is correlated.

Using robust value iteration and robust policy iteration, an optimal controller policyπ∗ and the

unique optimal nature policyτ ∗ with P ∗ are obtained. SinceP ∗ ∈ P for cases (ii) and (iii), both

robust value and policy iterations can be used. However, for case (iv),P ∗ 6∈ P and thus neither

robust value iteration nor robust policy iteration can be used.

IV. OPTIMALITY CRITERION USING THE SQUARED TOTAL VALUE FUNCTION

An optimality criterion of minimizing the maximum squared total value function is proposed

to deal with non-optimal solutions subject to the optimality criterion defined in (24)-(29). First,

the optimality criterion and a stationary optimal policy pair based on this optimality criterion are

defined. Then, two theorems are given to show that a stationary optimal policy pair exists under

a weak condition and this optimality criterion generalizes the optimality criterion of minimizing

the maximum value function for any initial state.

Given a transition matrixP or its parameter vectorU, the total value function for a controller

policy π is defined as follows

‖vπ
P‖ =

√
(vπ

P )′ vπ
P , (47)

where in terms of the value function defined in (27)

vπ
P =

(
vπ

P (1) · · · vπ
P (i) · · · vπ

P (n)

)′
; (48)

or equivalently,

‖vπ
U‖ =

√
(vπ

U)′ vπ
U, (49)
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where in terms of the value function defined in (29),

vπ
U =

(
vπ
U(1) · · · vπ

U(i) · · · vπ
U(n)

)′
. (50)

The optimality criterion of minimizing the maximum squared total value function is

min
π∈Π

max
P∈P

‖vπ
P‖2, (51)

or equivalently,

min
π∈Π

max
U∈U

‖vπ
U‖2. (52)

Definition (Stationary optimal policy pair): A stationary policy pair(π∗, P ∗) is optimal if

‖vπ∗

P ∗‖2 = max
P∈P

‖vπ∗

P ‖2 = min
π∈Π

max
P∈P

‖vπ
P‖2, (53)

whereτ ∗ = (P ∗, P ∗, · · ·); or equivalently,(π∗,U∗) is optimal if

‖vπ∗

U∗‖2 = max
U∈U

‖vπ∗

U ‖2 = min
π∈Π

max
U∈U

‖vπ
P‖2, (54)

whereP ∗ is the value atU∗.

The optimality criterion under the squared total value function defined in (51)-(52) no longer

takes into account of initial states explicitly, or in other words, a stationary optimal policy pair

defined in (53)-(54) can be regarded as being independent of initial states. In a stationary optimal

policy pair, the optimal nature policy may depend on the optimal controller policy.

Theorem 3:Assume that for anyπ, there exists at least oneUπ ∈ U such that‖vπ
Uπ‖2 =

max
U∈U

‖vπ
U‖2. Then a stationary optimal policy pair(π∗, P ∗) exists with regard to the optimality

criterion defined in (51)-(52).

By Theorem 3, a stationary optimal policy pair exists under a weaker condition than the one

under the optimality criterion of minimizing the maximum value function for any initial state

defined by (24)-(29). For Example 1 in section 6, a stationary optimal policy pair exists for

all cases under the optimality criterion defined in (51)-(52). Actually, the optimality criterion

defined by (24)-(29) is a special case of the optimality criterion defined by (51)-(52).
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Theorem 4:When a stationary optimal policy pair exists with regard to the optimality cri-

terion of minimizing the maximum value function for any initial state defined in (24)-(29),

this optimality criterion is equivalent to the optimality criterion of minimizing the maximum

squared total value function defined in (51)-(52), i.e., a stationary optimal policy pair denoted

by (π∗pre, P
∗
pre) under the optimality criterion defined in (24)-(29) is equivalent to a stationary

optimal policy pair denoted by(π∗new, P ∗
new) under the optimality criterion defined in (51)-(52).

V. ROBUST POLICY ITERATION UNDER TOTAL VALUE FUNCTION

Based on the optimality criterion of minimizing the maximum squared total value function

given in (51)-(52), MDPs can be solved by the method provided in the proof of Theorem

3 (refer to the Appendix). However, the computational complexity of this approach may be

prohibiting. Computing theMn values ofUπ is demanding whenM or n is large, where

‖vπ
Uπ‖2 = max

U∈U
‖vπ

U‖2. A robust policy iteration under total value function is thus proposed to

reduce the computation complexity.

Important steps in policy iteration include policy evaluation and policy improvement.

For policy evaluation of any policyπ, there are two approaches: one is to compute the

maximum squared total value function by inversion and maximization

‖vπ
Uπ‖2 = max

U∈U
‖vπ

U‖2 = max
U∈U

(Cπ)
′ (

I − γ (P π
U)

′)−1
(I − γP π

U)−1 Cπ, (55)

which is referred to as the direct method in this paper; the other is to use Algorithm 1 to compute

the maximum value function for any initial state denoted asvπ
Uπ(i) (i ∈ S), whereUπ is found

from (P π)∗ and then sum all squaredvπ
Uπ(i) to obtain the maximum squared total value function,

which is referred to as the iterative method. The latter is preferred since it avoids computing an

inversion and a maximum value. However, it requires the condition that(P π)∗ ∈ P in Lemma

2 to be satisfied, which is not always guaranteed.

For policy improvement, in robust policy iteration, the policy can be improved easily by

ak+1(i) ∈ arg min
a∈Ai

{c(i, a) + γ max
P a

i ∈P
a
i

P a
i vk}, (56)

wherevk is a vector including all the maximum value function for any initial state at thek-th

iteration (see robust policy iteration in Appendix). However, it requires the conditions stated in
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Theorem 2. Hence, controller policy elimination method is considered as a means of improving

policy. The controller policy elimination is that some suboptimal controller policies will be

eliminated in each iteration by a necessary condition of being an optimal controller policy.

The inequality‖vπ
Uπk‖2 ≤ ‖vπk

Uπk‖2 given in (60) is such a necessary condition for a stationary

controller policyπ being optimal, where‖vπk
Uπk‖2 is the maximum squared total value function

of πk and‖vπ
Uπk‖2 is the squared total value function ofπ at the parameter vectorUπk .

Robust policy iteration under total value function is thus described in Algorithm 3.

Remarks:

(i) Robust policy iteration under total value function terminates in finite iterations since|Π0| is

finite andΠ0 ⊃ Π1 ⊃ Π2 ⊃ Π3 · · · ;

(ii) The sequence{πk} converges to an optimal controller policy;

(iii) Robust policy iteration under total value function can reduce computation complexity since

it requires at most(1 + |Π1|) values ofUπk ;

(iv) A good initial controller policyπ0, which has relatively small total value function, can reduce

the number of|Π1| denoted as|Π1| and accelerate the convergence;

(v) When the sufficient conditions given in Theorem 2 are satisfied, robust policy iteration under

total value function degenerates to the simplified robust policy iteration;

(vi) All cases given in Example 1 in section 6 can be solved by robust policy iteration under

total value function;

(vii) When cost functions contain uncertain parametersU and they are denoted asc(i, a,U),

robust policy iteration under total value function can be modified using the squared total value

function

‖vπ
U‖2 = (Cπ

U)′
(
I − γ (P π

U)′
)−1

(I − γP π
U)−1 Cπ

U, (62)

whereCπ
U = (c(1, a(1),U), · · · , c(n, a(n),U))′;

(viii) When for any policyπ, the probability distribution of the initial states is non-uniform,

or the value functions for different initial states have different weights, a semi-positive definite

real matrix related toπ, Qπ, is introduced as the weighted matrix forn value functions, robust

policy iteration under total value function can be modified using the weighted squared total value
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Algorithm 3 Robust Policy Iteration Under Total Value Function
1. Initialization: setk = 0, Πk = Π, O = +∞ and selectπk = {ak,ak, · · ·};

2. Policy evaluation:

if sufficient condition given in Lemma 2 forπk is satisfied,

(a) use the iterative method to computev
πk
Uπk , Uπk and‖vπk

Uπk ‖
2 such that

v
πk
Uπk (i) = max

U∈U
v

πk
U (i) for any initial state i, (57)

‖vπk
Uπk ‖

2 = max
U∈U

‖vπk
U ‖2 =

n∑
i=1

(
v

πk
Uπk (i)

)2
; (58)

else

(b) use the direct method to computev
πk
Uπk , Uπk and‖vπk

Uπk ‖
2 such that

‖vπk
Uπk ‖

2 = max
U∈U

‖vπk
U ‖2; (59)

3. Policy improvement:

(a) eliminate controller policies to obtainΠ
′
k

Π
′
k = {π ∈ Πk : ‖vπ

Uπk ‖2 ≤ ‖vπk
Uπk ‖

2}; (60)

if |Π
′
k| > 1

if sufficient conditions given in Theorem 2 are satisfied

(b) setΠk+1 = Π
′
k andO = ‖vπk

Uπk ‖
2 and selectπk+1 = {ak+1,ak+1, · · ·} ∈ Πk+1 by

ak+1(i) ∈ arg min
a∈Ai

{c(i, a) + γ max
P a

i
∈Pa

i

P a
i v

πk
Uπk }; (61)

if πk+1 = πk, go to 4 ; otherwise, setk = k + 1 and go to2;

else

(c) if ‖vπk
Uπk ‖

2 < O, setO = ‖vπk
Uπk ‖

2 and Πk+1 = Π
′
k, and then selectπk+1 6= πk ∈ Πk+1 and setk = k + 1

and go to2; otherwise, selectπ
′
k ∈ Π

′
k − {πk} and setΠk = Π

′
k − {πk} andπk = π

′
k and go to2;

else

(d) go to4;

4. Termination: computeP ∗ with Uπk and output the stationary optimal policy pair(πk, P ∗) and the corresponding

maximum squared total value functionO.
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function

‖vπ
U‖2

Qπ = (vπ
U)′ Qπvπ

U = (Cπ
U)′

(
I − γ (P π

U)′
)−1

Qπ (I − γP π
U)−1 Cπ

U. (63)

VI. EXAMPLES

In this section, two examples are given. Example 1 illustrates the scenario of MDPs with

independent transition matrices and three possible scenarios of MDPs with uncertain transition

matrices under the optimality criterion defined by (24)-(29). Example 2 shows how the optimality

criterion defined by (51)-(52) and robust policy iteration under total value function given by

Algorithm 3 work.

Example 1: Consider a two-state, two-action, infinite-horizon MDP with the optimality criterion

defined by (24)-(29). Let the state space beS = {1, 2}. The action spaces at state1 and state2

are the same, i.e.,A1 = A2 = {a1, a2}. Hence, there are four possible stationary deterministic

controller policies, i.e.,

Π = {π1 = (a1, a1, · · ·), π2 = (a2, a2, · · ·), π3 = (a3, a3, · · ·), π4 = (a4, a4, · · ·)}, (64)

where

a1(1) = a1, a1(2) = a1; (65)

a2(1) = a1, a2(2) = a2; (66)

a3(1) = a2, a3(2) = a1; (67)

a4(1) = a2, a4(2) = a2. (68)

The transition matrixP has the following formulation

P =



P a1
1

P a2
1

P a1
2

P a2
2


=



u1 1− u1

u3 1− u3

1− u2
2 u2

2

1− u4 u4


(69)

The cost functions are as follows

c(1, a1) = 1, c(1, a2) = 2, c(2, a1) = 3, c(2, a2) = 4 (70)

The discount factorγ is 0.9. LetU be the unknown parameter vector,

U = (u1 u2 u3 u4) , (71)
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whereU is the set estimation ofU. Let W = {0, 0.2, 0.4, 0.6, 0.8, 1} .

(i) WhenU1 = {U : u1, u2, u3, u4 ∈ W}, the projection ofU1 in the direction ofui (i = 1, 2, 3, 4)

isW. U1 = W×W×W×W, i.e.,U is independent. Hence,P is independent. The set estimation

of P , denoted byP1, has the property

P1 = Pa1
1 × Pa2

1 × Pa1
2 × Pa2

2 , (72)

wherePa1
1 ,Pa2

1 ,Pa1
2 andPa2

2 are the corresponding projections

Pa1
1 = Pa2

1 = Pa2
2 = {(0, 1) (0.2, 0.6) (0.4, 0.6) (0.6, 0.4) (0.8, 0.2) (1, 0)} (73)

Pa1
2 = {(1, 0) (0.96, 0.04) (0.84, 0.16) (0.64, 0.36) (0.36, 0.64) (0, 1)} . (74)

The transition matrices for four policiesP π1 , P π2, P π3 andP π4 are independent. A stationary

optimal policy pair exists and both robust value iteration and robust policy iteration can be used

for a stationary optimal policy pair, where stationary optimal policy pairs are unique. Using

these algorithms, the optimal controller policyπ∗ is

π∗ = (a∗, a∗, · · ·) (75)

wherea∗(1) = a1, a
∗(2) = a1, and the optimal nature policyτ ∗ is

τ ∗ = (P ∗, P ∗, · · ·), (76)

where

P ∗ =



0 1

0 1

0 1

0 1


. (77)

(ii) When U2 = {U : u1 = u3, u1, u2, u4 ∈ W}, the projection ofU2 in the direction ofui (i =

1, 2, 3, 4) is W. SinceU2 ⊂ W ×W ×W ×W, U is correlated. This results in correlatedP .

The set estimation ofP , denoted byP2, has the property

P2 ⊂ Pa1
1 × Pa2

1 × Pa1
2 × Pa2

2 . (78)

The transition matrices for four policiesP π1, P π2, P π3 andP π4 are independent. A stationary

optimal policy pair exists and both robust value and policy iterations can be used. The optimal

controller policy and the optimal nature policy are the same as in case (i).
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(iii) When U3 = {U : u1 = u3, u2 = u4, u1, u4 ∈ W}, the projection ofU3 in the direction ofui

(i = 1, 2, 3, 4) is W. SinceU3 ⊆ U2, P is correlated. The set estimation ofP , denoted byP3,

has the property

P3 ⊆ P2. (79)

The transition matrices for four policiesP π1, P π2, P π3 andP π4 are independent. A stationary

optimal policy pair exists and both robust value and policy iterations can be used. The optimal

controller policy and the optimal nature policy are the same as in case (i).

(iv) When

U4 =

U : u1, u2 ∈ W , u3 =

 0 u1 = 1

u1 + 0.2 u1 6= 1
, u4 =

 0 u2 = 1

u2 + 0.2 u1 6= 1

 , (80)

the projection ofU4 in the direction ofui (i = 1, 2, 3, 4) is W. SinceU4 ⊂ W ×W ×W ×W,

U is correlated. This results in correlatedP . The set estimation ofP , denoted byP4, has the

property

P4 ⊂ Pa1
1 × Pa2

1 × Pa1
2 × Pa2

2 . (81)

The transition matrices for four policiesP π1, P π2, P π3 andP π4 are independent. A stationary

optimal policy pair exists. There are 36 possible transition matrices since|U4| = 36. Computing

all value functions for four stationary policies and two initial states under these transition matrices

by the equation (125) and comparing them, optimal policy pairs can be obtained. An optimal

controller policy is

π∗ = (a∗, a∗, · · ·) (82)

wherea∗(1) = a1, a
∗(2) = a1 and the corresponding optimal nature policyτ ∗ is

τ ∗ = (P ∗, P ∗, · · ·), (83)

where

P ∗ =



0 1

0.2 0.8

0 1

1 0


. (84)
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However, because 

0 1

0 1

0 1

0 1


/∈ P4, (85)

neither robust value iteration nor robust policy iteration can be used to obtain an optimal policy

pair under the optimality criterion given by (24)-(29).

(v) When

U5 = {U : u1 = u2, u1, u3, u4 ∈ W}, (86)

the projection ofU5 in the directionui (i = 1, 2, 3, 4) is W. SinceU5 ⊂ W ×W ×W ×W,

U5 is correlated. This results in correlatedP . The set estimation ofP , denoted byP5, has the

property

P5 ⊂ Pa1
1 × Pa2

1 × Pa1
2 × Pa2

2 . (87)

The transition matrix forπ1 denoted asP π1 is correlated and the others are independent. All value

functions for four stationary policies and two initial states under these transition matrices can

be computed by the equation (125) . Since forπ1, there is noP ∈ P5 such that the maximum

value function for any initial state is reachable, According to the condition given in (33) of

the existence of optimal policy pairs, a stationary optimal policy pair does not exist under the

optimality criterion given by (24)-(29).

(vi) When

U6 = {U : u1 = u2, u3 = u4, u1, u4 ∈ W}, (88)

the projection ofU6 in the direction ofui (i = 1, 2, 3, 4) is W. SinceU6 ⊆ U5, P is correlated.

The set estimation ofP , denoted byP6, has the property

P6 ⊆ P5. (89)

the transition matrices forπ1 andπ4 denoted asP π1 andP π4 are correlated and the others are

independent. All value functions for four stationary policies and two initial states under these

transition matrices can be computed by the equation (125). Since forπ1 and π4, there is no

P ∈ P6 such that the maximum value function for any initial state is reachable, according to

the condition given in (33) of the existence of optimal policy pairs, a stationary optimal policy
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pair does not exist under the optimality criterion given by (24)-(29).

(vii) When

U7 = {U : u1 = u2 = u3 = u4, u1 ∈ W}, (90)

the projection ofU7 in the direction ofui (i = 1, 2, 3, 4) is W, andU7 ⊆ U6 ⊆ U5. The set

estimation ofP , denoted byP7, has the property

P7 ⊆ P6 ⊆ P5. (91)

The transition matrices for four policies are also correlated. All value functions for four stationary

policies and two initial states under these transition matrices can be computed by the equation

(125). Since forπ1 andπ2, there is noP ∈ P7 such that the maximum value function for any

initial state is reachable, according to the condition given in (33) of the existence of optimal

policy pairs, a stationary optimal policy pair does not exist under the optimality criterion given

by (24)-(29).

However, under the optimality criterion under total value function defined by (51)-(52), all

of cases given in Example 1 have a stationary optimal policy pair and can be solved by robust

policy iteration under total value function given by Algorithm 3. The stationary optimal policy

pairs for case (i), (ii), (iii) and (iv) are the same as the ones given in Example 1. For cases (v),

(vi) and (vii), a stationary optimal controller policyπ∗ is

π∗ = (a∗, a∗, · · ·) (92)

wherea∗(1) = a1, a
∗(2) = a1, and one corresponding optimal nature policyτ ∗ is

τ ∗ = (P ∗, P ∗, · · ·), (93)

where

P ∗ =



1 0

1 0

0 1

0 1


. (94)

Example 2: Consider anM/G/1/N queue arrival rate control problem shown in Fig. 1 [11]-

[12], where the arrival process is Poisson, the storage capacity isN , the number of services is

1. The service distribution is a Coxian distribution [10] consisting of two stages, each with an
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exponential distribution with meansi (i = 1, 2). After receiving service at stagei, a customer

enters stagei+1 with probabilityui, and leaves the station with probability1−ui. Let n be the

number of customers in the queue. When an arriving customer reachesn = N , the customer is

rejected.

��
��

��
��

- -
u1

1− u1 1

s1 s2λn n

?? -

-

Fig.1 An M/G/1/N Queue Arrival Rate Control Problem

The arrival rateλn as an action may take values fromA = {0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9}.

The action space isA ⊆ A. The state space isχ = {0, (n, s) : n = 1, · · · , N, s = 1, 2}, with

s denoting the stage of the customer being served. We rank the states and denote them by

S = {1, 2, · · · , 2N +1}, where1 ∈ S denotes the state0 ∈ χ; 1 ∈ S denotes the state(1, 1) ∈ χ,

2 ∈ S denoted the state(1, 2) ∈ χ and so on. The cost function is

c(i, λn) =


9× (1/λn)2 0

n2 + 9× (1/λn) n < N

5× n2 n = N

(95)

In the numerical calculation, suppose thatN = 2, s1 = s2 = 7/6, u2 = 0, S = {1, 2, 3, 4, 5},

A = {0.1, 0.3, 0.5, 0.7, 0.9} for any state inS, the discount factorγ is 0.9, and the set estimation

of u1 is U1 = [0.7, 0.9].

The M/G/1/N queue with observable stages is essentially an MDP. This MDP can be

discretized by uniformization [11]. The uniformization parameter is 2.1. The corresponding

transition matrices of the discrete MDP are expressed as follows
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P λn =



P λn
1

P λn
2

P λn
3

P λn
4

P λn
5


=



1− λn

2.1
λn

2.1
0 0 0

(1−u1)s1

2.1
1− λn+s1

2.1
u1s1

2.1
λn

2.1
0

s2

2.1
0 1− λn+s2

2.1
0 λn

2.1

0 (1−u1)(λn+s1)
2.1

0 1− λn+s1

2.1
u1(λn+s1)

2.1

0 λn+s2

2.1
0 0 1− λn+s2

2.1


∀λn ∈ A

(96)

The transition matrices are uncertain and correlated. As in case (vii) of Example 1, robust value

iteration and robust policy iteration can not be used with a guarantee of a stationary optimal

policy pair under the optimality criterion given by (24)-(29). Hence, robust policy iteration under

total value function given by Algorithm 3 is used by the direct method for policy evaluation and

the policy elimination for policy improvement. In the direct method, sinceU1 is compact and

‖vπ
u1
‖2 is differentiable, the maximum squared total value function for the policyπ is obtained

by computingu′1 such that
∂‖vπ

u1
‖2

∂u1

∣∣∣∣∣
u1=u

′
1∈U1

= 0 (97)

and comparing the values of‖vπ
u1
‖2 at u′1, 0.7 and0.9. The initial controller policyπ0 is

π0 = (a0, a0, · · ·) (98)

wherea0(i) = 0.1 for any statei ∈ S. A stationary optimal controller policyπ∗ is

π∗ = (a∗, a∗, · · ·), (99)

where

a∗(i) = 0.9 for any state i ∈ S. (100)

The corresponding stationary optimal nature policyτ ∗ is

τ ∗ = (P ∗, P ∗, · · ·), (101)

whereP ∗ is the value atu∗1 = 0.7.
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VII. C ONCLUSION

In this paper, discounted, finite-state, finite-action, infinite-horizon Markov decision processes

are classified into two types: MDPs with independent transition matrices and MDPs with cor-

related transition matrices, where MDPs with exact transition matrices are special cases of

MDPs with independent transition matrices. With this formulation of transition matrices, we have

developed sufficient conditions for obtaining stationary deterministic optimal policies under the

optimality criterion of minimizing the maximum value function for any initial state. Furthermore,

both robust value iteration and robust policy iteration can be applied to obtain such an optimal

policy. Our analysis concludes that all MDPs with independent transition matrices, and some

of the MDPs with correlated transition matrices actually satisfy these sufficient conditions. To

address general MDPs with correlated transition matrices, a new notion of squared total value

function is introduced. We have proved that robust policy iteration under total value function can

be used to obtain a stationary deterministic optimal policy. The results developed in this paper

have demonstrated the feasibility of applying approximate dynamic programming methods to

realistic problems where the system dynamics reflected in the transition matrices are uncertain.

We have shown specific guarantees of optimal solutions to the robust dynamic programming

problems.

APPENDIX I

ROBUST VALUE ITERATION AND ROBUST POLICY ITERATION

Robust Value Iteration

1. Selectv0 ∈ <n×1 and setk = 0;

2. Computevk+1 by

vk+1(i) = min
a∈Ai

(c(i, a) + γ max
P a

i ∈P
a
i

P a
i vk); (102)

3. If vk+1 = vk, then go to4; otherwise incrementk by 1 and go to2;

4. Compute an optimal stationary controller policyπ∗ = (a∗, a∗, · · ·) and an optimal stationary

nature policyτ ∗ = (P ∗, P ∗, · · ·) by

a∗(i) ∈ arg min
a∈Ai

{c(i, a) + γ max
P a

i ∈P
a
i

P a
i vk} (103)

(P ∗)a
i ∈ arg max

P a
i ∈P

a
i

{P a
i vk} (104)
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Robust Policy Iteration

1. Initialization: selectπ0 = (a0, a0, · · ·) ∈ Π and setk = 0;

2. Policy evaluation: select any feasible transition probability rowP
ak(i)
i ∈ Pak(i)

i and

constitute a transition matrix ofπk, P πk ;

(a) computevk by

vk = Cπk + γP πkvk (105)

whereCπk = (c(1, ak(1)) · · · (c(i, ak(i)) · · · c(n, ak(n)))′ ;

(b) find the transition probability row̃P ak(i)
i for each initial statei

P̃
ak(i)
i ∈ arg max

P
ak(i)

i ∈Pak(i)

i

{
P

ak(i)
i vk

}
; (106)

(c) if c(i, ak(i)) + γP̃
ak(i)
i vk = vk(i) for eachi, go to 3; otherwise, setP ak(i)

i = P̃
ak(i)
i for

eachi and go to (a) of2;

3. Policy improvement: findπk+1 = (ak+1, ak+1, · · ·)

ak+1(i) ∈ arg min
a∈Ai

{c(i, a) + γ max
P a

i ∈P
a
i

P a
i vk} (107)

4. Termination: stop ifπk+1 = πk, go to 5; otherwise, incrementk by 1 and go to2;

5. Output: takeπk as a stationary optimal controller policyπ∗ and compute a stationary

optimal nature policyτ ∗ = (P ∗, P ∗, · · ·) by

(P ∗)a
i ∈ arg max

P a
i ∈P

a
i

{P a
i vk} ∀i ∈ S a ∈ Ai. (108)

Remark: robust value iteration and robust policy iteration shows that the selected optimal nature

policy is independent of an optimal controller policy.

APPENDIX II

PROOFS OFLEMMA 2 AND LEMMA 3

Proof: Because(P π)∗ ∈ Pπ, vπ
∞ ∈ Ω3. BecauseΩ1 ⊇ Ω3, Algorithm 1 for problems (35)

can be used for obtaining optimal solutions for problems (45).

Proof: Because(P )∗ ∈ P, v∞ ∈ Ω4. Because andΩ2 ⊇ Ω4, Algorithm 2 for (37) can be

used for obtaining optimal solutions for (46).
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APPENDIX III

PROOF OFTHEOREM 1

Proof: In [3], the problem

min
π∈Π

Eπ
i

( ∞∑
t=0

γtc(j, a)

)
for any given exact transition matrixP and any initial statei ∈ S

(109)

is expressed with the linear program

max
v∈<n×1

qv : v(i) ≤ c(i, a) + γP a
i v i ∈ S, a ∈ Ai. (110)

The problem

Eπ
i

( ∞∑
t=0

γtc(j, a)

)
for any given π ∈ Π, any given exact transition matrixP, and

any initial statei ∈ S
(111)

is also expressed with the linear program

max
v∈<n×1

qv : v(i) ≤ c(i, a) + γP
a(i)
i v i ∈ S. (112)

Hence, for any givenπ ∈ Π, the problem

max
τ∈T

vπ
τ (i) = max

P π∈Pπ
vπ

P π(i) for any initial statei ∈ S (113)

can be expressed as the optimal solution to the problem (45) by lettingP π vary inPπ , and the

problem

max
τ∈T

min
π∈Π

vπ
τ (i) = max

P∈P
min
π∈Π

vπ
P (i) for any initial statei ∈ S (114)

can be expressed as the optimal solution to the problem (46) by lettingP vary in P.

Because for anyπ ∈ Π, (P π)∗ ∈ Pπ, andP ∗ ∈ P, by Lemma 2 and Lemma 3, the optimal

solutions for the problems given in (45) and (46) arevπ
∞ andv∞, andvπ

∞ andv∞ are computed

by Algorithm 1 and Algorithm 2 for problems (35) and (37), respectively. For (113),

max
τ∈T

vπ
τ (i) = max

P π∈Pπ
vπ

P π(i) = vπ
∞(i) for any initial statei ∈ S (115)

For (114),

max
τ∈T

min
π∈Π

vπ
τ (i) = max

P∈P
min
π∈Π

vπ
P (i) = v∞(i) for any initial statei ∈ S (116)
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Let π∗ = (a∗, a∗, · · ·), where

a∗(i) ∈ arg min
a∈Ai

{
c(i, a) + γ max

P a
i ∈P

a
i

P a
i v∞

}
, (117)

or

a∗(i) ∈ arg min
a∈Ai

{c(i, a) + γ (P a
i )∗ v∞} . (118)

Obviously,v∞ = vπ∗
∞ andmax

τ∈T
min
π∈Π

vπ
τ (i) = max

τ∈T
vπ∗

τ (i) = vπ∗
P ∗(i). By weak duality,

min
π∈Π

max
τ∈T

vπ
τ (i) ≥ max

τ∈T
min
π∈Π

vπ
τ (i). (119)

Becausemax
τ∈T

vπ∗
τ (i) ≥ min

π∈Π
max
τ∈T

vπ
τ (i),

min
π∈Π

max
τ∈T

vπ
τ (i) ≥ max

τ∈T
min
π∈Π

vπ
τ (i) = max

τ∈T
vπ∗

τ (i) = vπ∗

P ∗(i) ≥ min
π∈Π

max
τ∈T

vπ
τ (i). (120)

That is,

vπ∗

P ∗(i) = max
τ∈T

vπ∗

τ (i) = min
π∈Π

max
τ∈T

vπ
τ (i). (121)

Hence, (π∗, P ∗) is a stationary optimal policy pair and they are computed by robust value

iteration.

APPENDIX IV

PROOF OF THEOREM2

Proof: Becausegπ is monotone non-decreasing, for any givenv ∈ Gπ, v0 = v ≥ v(1) =

gπ(v) ≥ v(2) = gπ (gπ(v)) ≥ · · ·. Becausegπ is contractive, the non-increasing sequence{v(k)}

converges tovπ
∞ andv(k) ≥ vπ

∞ ≥ v∞. Because in step 3 of robust policy iteration,vk ≥ g(vk) =

gπk+1(vk), vk ∈ Gπk+1 and sovk ≥ g(vk) ≥ vπk+1
∞ = vk+1 ≥ v∞. That is to say, step 3 improves

the controller policy by forming the sequence

v1 ≥ g(v1) ≥ v2 ≥ g(v2) ≥ · · · ≥ v∞. (122)

The sequence{vk} is included inG and converges tov∞ in finite iterations because of the

existence of an optimal controller policy in the finite spaceΠ. Whenπk+1 = πk, g(vk) = vk and

so vk = v∞. πk is a stationary optimal controller policy and the corresponding stationary nature

policy τ ∗ is computed in step 5.
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APPENDIX V

PROOF OF THEOREM3

Proof: For anyπ = (a, a, · · ·) ∈ Π and anyU ∈ U , it is proven in [3] that

vπ
U = Cπ + γP π

Uvπ
U, (123)

where

P π
U =



P
a(1)
1

...

P
a(i)
i

...

P a(n)
n


=



f
a(1)

1 (U)
...

f
a(i)

i (U)
...

f
a(n)

n (U)


Cπ =



c(1, a(1))
...

c(i, a(i))
...

c(n, a(n))


(124)

Because(I − γP π
U) is invertible,

vπ
U = (I − γP π

U)−1 Cπ (125)

‖vπ
U‖2 = (vπ

U)′ vπ
U (126)

=
(
(I − γP π

U)−1 Cπ
)′

(I − γP π
U)−1 Cπ (127)

= (Cπ)
′ (

I − γ (P π
U)

′)−1
(I − γP π

U)−1 Cπ (128)

Because there existsUπ ∈ U such that

‖vπ
Uπ‖2 = max

U∈U
‖vπ

U‖2 = max
U∈U

(Cπ)
′ (

I − γ (P π
U)

′)−1
(I − γP π

U)−1 Cπ,

a stationary optimal controller policy is

π∗ ∈ arg min
π
{‖vπ

Uπ‖2 : π ∈ Π}. (129)

The corresponding stationary optimal nature policyτ ∗ is

τ ∗ = (P ∗, P ∗, · · ·) (130)

whereP ∗ is the value atU∗.
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APPENDIX VI

PROOF OF THEOREM4

Proof: Because a stationary optimal policy pair exists under the optimality criterion defined

in (24)-(29) and it is denoted as(π∗pre, P
∗
pre), for any π ∈ Π, there existsP ∗

π ∈ P such that

vπ
P ∗π

(i) = max
P∈P

vπ
P (i) for any initial statei ∈ S (131)

and

v
π∗pre

P ∗pre
(i) = max

P∈P
vπ

P (i) = min
π∈Π

max
P∈P

vπ
P (i) for any initial statei ∈ S. (132)

Becausevπ
P (i) ≥ 0,

max
P∈P

∑
i∈S

(vπ
P (i))2 =

∑
i∈S

max
P∈P

(vπ
P (i))2 = ‖vπ

P ∗π
‖2, (133)

min
π∈Π

max
P∈P

∑
i∈S

(vπ
P (i))2 =

∑
i∈S

min
π∈Π

max
P∈P

(vπ
P (i))2 = ‖vπ∗pre

P ∗pre
‖2. (134)

“ ⇒ ” : based on (133) and (134),

‖vπ∗pre

P ∗pre
‖2 = max

P∈P

∑
i∈S

(
v

π∗pre

P (i)
)2

= min
π∈Π

max
P∈P

∑
i∈S

(vπ
P (i))2 (135)

Hence,(π∗pre, P
∗
pre) is a stationary optimal policy pair under the optimality criterion defined in

(51)-(52).

“ ⇐ ” : based on (133) and (134),

‖vπ∗new
P ∗new

‖2 =
∑
i∈S

(
v

π∗new
P ∗new

(i)
)2

= max
P∈P

∑
i∈S

(
v

π∗new
P (i)

)2
=
∑
i∈S

max
P∈P

(
v

π∗new
P (i)

)2
, (136)

‖vπ∗new
P ∗new

‖2 =
∑
i∈S

(
v

π∗new
P ∗new

(i)
)2

= min
π∈Π

max
P∈P

∑
i∈S

(vπ
P (i))2 =

∑
i∈S

min
π∈Π

max
P∈P

(vπ
P (i))2 . (137)

Because
(
v

π∗new
P ∗new

(i)
)2
≤ max

P∈P

(
v

π∗new
P (i)

)2
,(

v
π∗new
P ∗new

(i)
)2

= max
P∈P

(
v

π∗new
P (i)

)2
. (138)

Because
(
v

π∗new
P ∗new

(i)
)2
≥ min

π∈Π
max
P∈P

(vπ
P (i))2,(

v
π∗new
P ∗new

(i)
)2

= min
π∈Π

max
P∈P

(vπ
P (i))2 . (139)

Hence,

v
π∗new
P ∗new

(i) = max
P∈P

v
π∗new
P (i) = min

π∈Π
max
P∈P

v
π∗new
P (i) for any initial statei ∈ S. (140)

That is to say,(π∗new, P ∗
new) is a stationary optimal policy pair under the optimality criterion

defined in (24)-(29).
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