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Highlights: ADP & Control Theory

O Unlike decision theory (MDP), in control theory:

1. State space is continuous
2. Action space is continuous
3. The dynamics evolve in continuous-time or in discrete-time
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Highlights: ADP & Control Theory

l. Optimal control theory and policy iterations: HIB equations
O Continuous-time
O Discrete-time

1. Dynamic games and policy iterations: HJI equations

O Continuous-time
N Discrete-time

Main characteristics of Parts | and II:

N Optimization is carried offline
N The model is required
N Initial stabilizing policy is required

April 5, 2006



Highlights: ADP & Control Theory

I11. Optimal control theory and heuristic dynamic programming
H Discrete-time Convergence is established
H Continuous-time ??

V. Dynamic games and heuristic dynamic programming

H Discrete-time Convergence is established
] Continuous-time ??

Main characteristics of Parts |1l and IV:

r Optimization is carried online
N The model may not be required
N Initial stabilizing policy is NOT required
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The Big Picture

Optimal Control Theory
J(x,) =min j w(x,u)dt
0

Nonlinear Control Systems
X=f(x)+g(xX)u

Neural Networks

ADP,

Game Theory
r Machine Learning

J(x,) =min mdaxjw(x,u,d)dt
0
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Part |

Optimal control theory
and
policy iterations
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Continuous-time (CT)

Consider the following linear system with a constrained input,

Xl(t) = Xz(t)
%, (1) =—x, @) +ut), —1<ut)<+l Vte[t,t,]

It is desired to solve the following optimal control problem

V(x,) = muinj%[xf(thuz(t)]dt

Using Pontryagin’s Minimum Principle and calculus of variations, the
optimal controller u™(t) solves the following split boundary conditions
differential equations
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Feedback Strategies and Dynamic Programming

It is well know that the dynamic programming principle (DPP) finds the
optimal controller in feedback form

o0

V (%,0) = min [[ X"Qx+W (u) |dt, Q(x)>O0,W (u)>0,

u(t)eU-O
= min < ][XTQX +W(u)]dt + T[XTQX +W(u)]dt}

u(t)eu
o<t<T (O

u(t)eu
o<t<T (O

= min 1 ][XTQX +W () |dt+V (x, (T),T)}
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Feedback Strategies and
the Hamilton-Jacobi-Bellman (HJB) Equation

Therefore, one obtains the Hamilton-Jacobi-Bellman equation

0= min {X"Qx+W (u)+V, ([ f () +g(x)u]}.

u(t)eu

For constrained inputs, W(u) maybe

W)= [¢ ()R,

where #(u) is a smooth function approximating the saturation as shown.

10
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The Hamilton-Jacobi-Bellman (HJB) Equation

The HJB equation becomes

u(t)

0= min {XTQX + 'uf¢‘1 (V)dv+V, (X)[ f (x)+ g(x)u]}.

and the optimal controller is given by
u(x) =—¢(:R*g" (\)V,(x)).

The optimal controller depends on the value function of the optimal
control problem V(x). Once V(x) is determined, u™(x) is. Note that V(x) solves a
complicated nonlinear differential equation given by

o g
A ( f-g-g(4 R—lgTvx))+ X'Qx+2 [ ¢ (W)dv=0, V(0)=0.
0
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—!

Policy Iterations and Optimal Control

o A stable policy always have a value or a cost:

) v,
V, (%) = [ IR0 +W (u et um(X)?d{?R : dxj

O Using policy iterations to break the HIB of constrained input systems into
a sequence of Lyapunov equations linear in V.

0 dV(O) 0 T 0
u®  [solve forV((> — (f+gu®)+x Qx+W(u®)=0

L dvO
(f+9u®)+x Qx+W(u®)= 0€0lve for va| u® =‘¢£%R ) j

(j\v/(l)
dx

dx

1) ?)
u? =—¢| ;R7g’ V| Boive for V(2> dv—( f+9u®)+x Qx+Wu®)=0.
April 5, 2006 dX dX
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Policy Iterations and CT LOR

O  The HJB for linear systems is:
X' (ATP+PA-PBB"P+Q)x=0

which requires solving an algebraic Riccati equation.

O  Policy iterations in this case is Newton’s method to solve the algebraic Riccati
equation

T T
(A-BB'P)"P,

j+1

+P,,(A-BB'P)+PBB'P, +Q=0

|

-1
P =P, —(Ric; | Ric(R), i=01...

j+1
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Neural Networks Least Squares Solution
for V; (x) in Policy Iterations - |

O  First, a neural network is used to arbitrarily approximate the cost function
In the Lyapunov equations

VO (x) =D wio (x) =w{ Yo (X).
=1

o The performance function W(u) is selected as
W (u) =2 j tanh~*(v)" Rdv.
0

o When V_ is substituted in the Lyapunov equation, a residual error appears

. . | y® [U(i):|2
wi Vel (f+gu®)+Q+2u”R| Atanh™ e +A’RIn| 1- = £(X).

A2

April 5, 2006 13



Discrete-time (DT)

o Optimal control
X, = F(x)+g(x)u, V(%)= %Qx, +u.Ru,
k=0

requires solving the DT HJB

V*(x,) =min| X' Qx, +ul Ru, +V*(xk+1)]

=min| X Qx, + U Ru, +V " (f(x)+9(%)u,) |

Uy

U*(Xk) _ _% R—lg(xk )T dV (Xk+1)

k+1
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DT policy iterations

O  For any stabilizing policy

Vj (%) = iXkQXk +uj(xk)Ruj(Xk)

o DT Policy iterations

Vi (%) =% QX +U; (X )RU; (%) +V, (X,1)

1 _ dV(X +)
uj+1(Xk) Z_ER 19(Xk)T e

k+1

o DTLQOR:
T T
(A+ BLj) P, (A+ BLj)—Pj =-Q-L;RL,
T 1T
Lj=—(I+B PjB) B'P,A
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Part |1

Dynamic games
and
policy iterations
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Dissipative Dynamical Systems.

. d
Penalty Output Z& X= f (X) + k(X)d < DiSturbance
Z =h(x)
L,-gain o
29 I J(hTh=7*[d])dt <0
Find smallest y?> so that 0 0
M z(t)| dt Oo(hT h)dt F
;3 :} < mgx!(hTh—yznd”Z)dtso
[ld@] dt  [lde] dt ) aln
0 0 {}
for all L, disturbances %
and a piescribed gain 0<V, (%)= méa\xj(hTh —7°|d ||2)dt <0
v?> when the system is 0
april 5. 30d €T, XO:O- 17




Dissipative Systems

The Hamiltonian of the above optimization problem is
H(p,d)=p" (f(x)+k(x)d)+h" (x)h(x)-y*d"d

Stationary point ﬁ:o:d x)* :ik x)"
&d ) 2y° 0P
Costate p= av
dx

Worst-case disturbance

T
0= m?x{d;/; (F()+k()d)+[z@)[ — 72 ||d(t)||2}:> d(x)’ =2—;2k(x)T d;/""
T T
av, f+i2dva kadVa+hTh=O, V,(0)=0
dx 4y° dx dx
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Solving for V_ Iteratively

0 The iterative solution goes as follows

d® =0 SolveforV(°> d\éx (f+kd®)+hTh—y2[d®[ =0

@’ (0)
av (f +kd (1))+hTh—7/2 Hd“’”2 :Oéolve for v |d® = 12 «r 4V
dx 2y dx

1 o dv®

d® =
2y° dx

Solve for V<2> d\c/Ix (f +kd(2))+hTh y Hd(Z)H =0
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H., Optimal Control for Constrained Input Systems

Penalty output Disturbance
Z d
«— X=f(X)+g(Xu+k(x)d |<——
Measured Y | Y=X u Control
output z=y(xu) —
u=I(y)
where

Find control u(t) so that HZHZ — hT h+ HUHZ

o0

[[2(t)[ dt j(hTh +ul*)dt for all L, disturbances
[ _D0 <»? and a prescribed gain
- 2 T 2 v2 when the system is
y ”’gprgs)'uoogt '([”d(t)” dt at rest, x,=0. 20

0

0

o0




The Hamilton-Jacobi-lIsaacs (HJI) Equation

V(u,d) :T(hTh+ ulf = 7*[d|f et <0
0 0
V (%) = minmax [ (h"h+ul] - d|* )t < o0
0

Hamilton-Jacobi-Isaacs (HJI) equation .
0=V'f+h'h-1V 'gR™g'V + FVXT kk'V,
/4
Stationary Point

u*=-iR7g" (X)V, Optimal control

d*= % k' (X)V, Worst-case disturbance

If HJI has a positive definite solution V and the associated closed-
aorit 5, 3QOP System is AS, then L, gain is bounded by y? o1



Policy Iterations and Game Theory

Start: U, a stabilizing control with region of asymptotic stability Q,

— Outer loop- update control
Initial disturbance d° =0

> Inner loop- update disturbance

i\ T
V! o
gil) (f+gu;+kd)+h"h+u"u;—»*(d")'d' =0
. 1 oV
d|+1: kT X J
Inner loop update 2,7 (X) ™

L Iterate i until convergence to dw,vjoo with RAS QF

Outer loop update

oV ™.
ui+1 = _% gT (X) ox J
apils, 2005 Iterate j until convergence tou_,V™*  with RAS Q7 -

End




CT LQ Game

o  For linear systems:
X = Ax+ Bu + Ed

V = min max Q(XTQX+||U||2 L

O Inner loop policy iterations solve the bounded real lemma

(A, +EETP ) P71+ P (A +EETP)+Q, _Lp BB'P/,, =0

j+1 2 j+1
A =A-BB'P”, Q,=P"BB'P"+Q
=-BB'P X
. 1 _
i+1 T pi
d" == EE"P'x
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DT LQ Game

o  For linear systems:

X, = AX, +Bu, +Ed,

V (x,) = min mdaxekTka +u,u, —yd,."d,
. k=0
O Inner loop policy iterations solve the bounded real lemma
i1+1 T pi+l T 21 0T i
P —A P"A =Q+L,RL, —y°K; K;
A, = A+BL,
i 2T pi 21\-1 T pi
Ki=—y"(E'PRE-yI)"E PA
T -1pT 00
L, =—(1+B"PB)*B"P(A+EK)
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Part 11l and IV

Model-free online optimization:
Approximate Dynamic Programming
(ADP)
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From machine learning to System Theory

O  Inthis part, results for both discrete-time and continuous-time are shown for the
case of linear systems and Algebraic Riccati Equation.

O  The results here are an extension to already known technique for Machine
Learning. In particular, Markov Decision Problems (MDP).

O  System theory is more involved than MDPs due to the fact that both the action
space and the state space are continuous for both discrete-time and continuous-

time.
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Solution of the Discrete-Time Zero-Sum Game
using Approximate Dynamic Programming

O  This research combines between the following different areas

] H-infinity Optimal control

m Game Theory (Zero-sum games)

u Reinforcement Learning (Q-Learning & Heuristic Dynamic Programming)

m Neural Networks (NN)
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Dynamic Programming:
Backward-in-time Formulation

0  Consider the following continuous-state and action spaces discrete-time
dynamical system

X, .1 = AX, +Bu, +Ew, xeR" u, eR™
Vi = X, yeR? w eR™
O The zero-sum game problem can be formulated as follows:

V(x,)=minmax > [XTQx, +ulu, -y w'w,]

O The goal is to find the optimal strategies (State-feedback) for this multi-
agent problem

u(x)=Lx w(x) = K"x

O  Using Bellman optimality principle “Dynamic Programming”
V(%) =minmax(r(x,,u,) +V (X))

=minmax(x, Qx, +u,u, — ¥ 2w, w, + X, ,PX,.).
Uy Wy
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ADP Adaptive Critics

o  The Adaptive Critics Architecture

Action network <—

I
J,Ui <
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Heuristic Dynamic Programming:
Forward-in-time Formulation

O  This is an Approximate Dynamic Programming Scheme (ADP) where one
has the following incremental optimization

Vi (%) =min mWax{x[ka +U, U, —7°W W, +V, (xk+1)}
which is equiva:IentIky written as
Vi () = X QX + U7 (XU (%) = 77w (X )W (%) + V4 (X1
O  Neural networks are used to have closed form representation of
V(X,p)=p'X  G(xL)=Lx W(x, K,) = Kx
d(Xis Pi) = % Qx +(Lix )" (Lix) =7 (KX )T (KX ) + py Xy
Pua =arg ming] | pl, X —~d(x, py) * 3
0  The HDP algorithm in fact is iteration on the Riccati equation

|+B'PB B'PE }TBTRA}

P,=A"PA+Q-[ATPB A'PE
i+1 i Q [ i i ] ETPIA ETPiE—j/zl ETPIA
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Two ways for Discrete-time
Policy Iterations

P - AJT Pi"A; =Q+LiRL; —*K{ K] Requires stable
A, = A+BL, initial policy
Ki=—y(ETP/E-»°1)"E"P/A
Ly =—(I+ BTPiB)‘lBTPi(A+ EKY)

|+B'"PB B'PE | [B'PA
Po=ATRA+Q-[ARB ATRE]| T | H '

E'TPA  E'PE-,%l| |ETPA
P, =0
Does not
require a stable
April 5, 2006 31
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DT HDP vs. Finite Horizon Optimal Control

P.=ATPA+Q-ATPB(l1 +B"PB)'B"PA

P, =0

Forward-in-time policy iteration

P =AP_A+Q-A'P_B(l+B"P_B)'B'P A
P, =0

Backward-in-time optimization
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DT DHP

O DHP solution of the GARE

Aia (%) = GVB;(XK)
_6r(xk,ui(xk),wi(xk))+ ou. (x,) ' 6r(xk,ui(xk),wi(xk))+
- OX, OX, ou; (X)
ow, (%) ) N0, U ()W (%))
OXy oW (%)
My | V) (8006 ) [y ) Vi) |
X, Xy OX, ou; (x,) Xy

T T
a\Ni (Xk) aXk+1 aVl (Xk+1)
OX, ow; (X, ) OXy1 .
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Q-Learning: Action Dependent Heuristic Dynamic
Programming

0 Dynamic Programming: Backward-in-time
Q" (X, Uy, W) = (X RX, + U Uy — 7 W w, +V 7 (%, ;)
= (u,.w,) =arg{min max Q" (x,,u,,w,)}

Uy Wy

O  Heuristic Dynamic Programming: Forward-in-time

Q.. (X.,U,W,) =X Rx +u,u, — 7w, w, +minmaxQ.(x

Uk Wics1

T T
= X ka +u.u, —y Wk W, +Vi(Xk+1)

k+1? k+1 1 k+1)

=X, Rx, +u,u, —y*w;w, +V.(Ax, + Bu, + Ew,)

O  Neural networks are used to have closed form representation of
hl.z(x)=d(z(x.).h) Uy(X)=LX +n, W, (X, ) = KX, +n,,
d(z, (%), H,) =X Rx, + 0, (%, )"0 (X, )= 72W, (X, )T W, (X, ) +
Qi (Kyeag s Uy (Xyg ) Wy (X )
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Convergence Proofs

h, =(227)*ZY
Z=[z(p) 2(p2) - Z(pN)]
Y =[d(z(pD),h) dz(p2).h) - d(z(pN)h)T".

o  Convergence
.

Q 0 0 A B E A B E
H.,=/0 I 0 |+/LA LB LE|H|LA LB LE
0 0 —»2I| |[KA KB KE K.A KB KE

O The result is a model free Adaptive Controller that converge to an
H-infinity optimal controller

O No requirement what so ever on the model plant matrices

April 5, 2006
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Start of the Zero-Sum
AD HDP

L

Initialization
ho =V(ho)=0: PO =0

i=0,Ly=0Kp =0

Solving the least-squares

z

Z =]z z
X-N-1  "*k=N-2 Xk-1

V0N $Fnah) o AT

T.,-1
hig=(0Z2") 2Z¥ Hiyg = i)

Policy iteration

-1 L

Liza = (Hyy = HowHwwHwu ) (H gwHww Hwx ux )

= 1
Ki+1 = (HWW - HWUHUUHUW)(HWUHUUHUX - HWX)

—1 i—>i+1 #—No <]
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Online ADP H-infinity Autopilot Controller
Design for an F-16 Aircraft

O  The F-16 short period dynamics has three states given as
X'=la q &,]

O  Whereis the angle of attack, ( is the pitch rate and §, is the elevator
deflection angle.

O  The zero-order hold discretization technique used to discretized the
continuous time model. The discretized model is

0.906488 0.0816012 —0.0005
A=|0.0741349 0.90121 -0.000708383

0 0 0.132655

~0.00150808 0.00951892

B=| -00096 | E=|0.00038373

{ 0.867345 ] [ 0 }
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The Offline Results

O  Solution Based on the Riccati Equation

161 15.5109 12.4074 —0.0089

14! © P=|12.4074 155994 -0.0078
5 . P
= 12 ~0.0089 —0.0078 1.0101
S 12+ ° P
g 13
8 10! © P
ke . P,y L =[0.0733 0.0872 -0.0661]
g 8 ,-'! Pas
4= 8
o 6l if K =[0.1476 0.1244 0]
I
= 4
8 25L¢
£ L
= ok.

-2 | | | ]

0 50 100 150 200

Iteration no.
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Online-tuning: HDP based Autopilot
Controller Design

o  Convergence of the Actions networks

0.1,
0.08} -
> 2
5 g
3 0.06 + °
5 2
£ 004} 8
3 3
2]
g 0.02} * I'll k]
Y (0]
S * Ly s
[ 0 Y
(8] L o
5 + b ®
o 2
g -0.02 %
o (3]
>
o -0.04 S
e o
. 2
-0.06 e
-0.08 L . ! -0.02 | | |
time (k) time (k)
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Online-tuning: HDP based Autopilot

Controller Design

o  Convergence of the Critic Network

16+

14+

The convergence of P
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Online-tuning: Q-learning based HDP
Autopilot Controller Design

o  Convergence of the Action Networks

> -
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Online-tuning: Q-learning based HDP
Autopilot Controller Design

O  States trajectories

{ i w» m+ Wi “W www H Wi wuu M u U u | u i u «+ h i h n i M%F
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