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What 1s different from 1-D?

» Many things are the same: concepts generalize, details change

» Some mathematics do not generalize
 Polynomials do not factor

* Remez algorithm will not generalize

» Application assumptions different
* Not causal

* Inputs finite extent

» Problems bigger
« Example: HDTV 1920x1080x30 frames/sec > 62 million color samples/sec
~ 186 M bytes/sec
~ 5.3 nanosec/byte
* Processor speed?
* Memory?
* Addressing capability?
* Need to minimize computations whenever possible
» New possibilities
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2-D Discrete Signals

e x(nhy,n,) : discrete signal
x . real or complex value

(ny,n,) : pair of integer indices
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2D Signal Representation

x(n4,n,) has 2 axes (n,,n,) + amplitude axis

n;
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t 1 I > 07 06 05 06 >N,
ny
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Examples

« Sampled Black & White Photograph: x(n,n,)
X (ny,n,) scalar indicating pixel intensity at location (n,n,)
For example: x=0 | Black
X=1 White

O<x<1 In-between
—

Sampled color video/TV signal
Xr(Ng, Ny, N3) Y
Xg(Ny, Ny, Ny)

Xg(Ng, Nz, N3)

J

e Seismic array: x(n,,n,)
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Special 2-D Sequences

« 2D Unit Impulse
1, n=n,=0
0, else

X(n11n2):5(n1'n2):{
=o0(ny)s(n,)

C e e e e e n,
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Line impulses

N,
« Vertical line impulse:
> N,
X(nl’ nz) = 5(”1)
ny
e Horizontal line impulse:
Ny

X(ny nz) — 5(”2)

e Other line impulses:

o(n,+n,),

5(”1 o nz)’

o(2n,—n,),

o(Pn,+Qn,), slope=-P/Q
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« 2D Unit Step

1, n &n,>0
u(n,n,) = .
0, otherwise
Note: U(np nz) = U(nl)u(nz)
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Some Useful Definitions

A 2-Dsignal x(n4,n,) is separable if x(n4, n,) =f(nyg(n,).

« A M-Dimensional signal is separable if
X(Ny, Ny, . nyy) = F(N).F5(N,) , ..., Ty ()

 Afinite-extent signal is a signal with a finite number of
non-zero samples.

 Region of support of a signal:

> If Ris the region of support of a signal x(ny, n,), then
X(n4, n,)=0 for (ny, n,) ¢R (i.e., outside R).

» Theregion of support of a signal is the set of points where it
can be nonzero.
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Basic 2D Operations

 Shifting
X(nl,nz) n2 X(nl'l,nz n2 X(nl'l,nz'l) n2
o0
° o0 o0
n; ny n;
* Flipping
X(nq,n,) 4Nz X(-nq,ny) 4N
ol le
Ny ny
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2-D Systems

X(ny,ny) —» T[] — y(ny,ny) =T [x(Ny,Nn,)]

Why LSI Systems?
= Most frequently used
= Easy to design and analyze
= Need to simplify
= Mathematically tractable.
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2-D LS| Systems

e Linear => superposition principle holds

Zai xiny,ny) —1 T — Zaiyi(nlinZ)’ where yi(ny,n,) = T [x(ny,n,)]

- Shift-invariant => Shift in the input generates same shift in
corresponding output

X(Ny-81,ny-S;) — T —> y(n,-s1,n,-S,), where y(n,,n,) = T [x(ny,n,)]
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2D LSI Systems

O Note: System is characterized by its impulse response.

e Impulse response
» What s it?

5(nuny)) —f 11— h(nyny)

* General system (Not SI)

S (N1-S1,n,-S,) — T > hg o(ng,n,)

e Shift Invariant (SI) system

0(Ny-S1,n,-S,) —» T +— h(n;-84,n,-8,)
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Output of a 2D LSI System: 2D Convolution Sum

e An arbitrary 2-D sequence can be decomposed into a linear combination
of shifted impulses

o0 o0

x(n,n,) = Z Z X(ky, ky)o(n —ky,n, —k,)

« The output of a general linear system is given by

o0 o0

y(n,n) =Tx(n,n)]= >0 > x(ky, ky)h, (ng,n,)

where

hklk2 (n11 nz) :T[g(nl o kl’ n, — kz)]
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2D Convolution Sum

e The output of an LSI system is then the same linear combination of shifted
Impulse responses

Y(ny nz) :T[X(nv nz)] = i ix(kv kz)T[5(n1 o k1’ n, — kz)]

k=
— Z X(K;, Ky)h(n, =k, n, —k,)

00 k2 =0
00

» Conceptually: Same as 1-D
 Mathematically: a lot more work

« Notation for 2D Convolution: y(n,,n,) =x(n,,n,)** h(n,n,)
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2D Convolution Sum

yn) =S 3 (ke ko)h(n, —k,,n, —k,)

ky=—00 ky=—c0

Notation: y = X #* h

Example
ks
X(kq1,k5) h(ky,ky) M
Ml
Ky
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2D Convolution Sum

> h(-k,,-k,) corresponds to a 180° rotated version of h(k,,k,) = reflect flip
around k, axis and then k, axis (or vice-versa)

h(kykp) 4 K2

» h(n;-ky,n,-k,) is a 180° rotated and shifted version of h(ky,k,)

k2
(Ny,n,) .
< Sample of h(-k,,-k,) at origin
Kk, now is at (ny,n,)
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2D Convolution Sum

 Convolution:
> Flip, slide to (ny,n,), multiply and sum
> Repeat for other desired values of (n,n,)

A kz A k2 AN, |_1+M1_1 y(nlinZ)
x(Ky,K») X(ky,ky)
> kl > kl >N,y
h(-ky,k,) h(ni-ky,n5-ky)

X(n1,N2): My X My Convolution Result:
% 3k y(ny,ny): (Li+ My -1) X (Ly+ M, -1)

h (n;,n,): Ly xL,

v
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Convolution Steps

1.

2.

Reflect h about to both k, and k,

Translate so that sample h(0,0) lies at the point (n,,n,).
Multiply sequences x(k,,k,) and h(n;-k;,n,-K,).

Sum non-zero samples of obtained product sequence to
compute the output sample y(n,,n,).

Vary (n,,n,) and repeat from Step 2.
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2D Convolution Sum

Example:

h(nl’ nz) = U(n1’ nz) = U(nl)-u(nz)

X(n.n,) = 1, 0<n <N,;-10<n,<N,-1 N, -1
27 0, otherwise % -

N, -1
o0 o0
y(nuny) = . D x(ky,k)h(n, —k,n, —k;)
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2D Convolution Sum - Example

 The shape of the product sequence can assume one of five different
forms depending on the values of (n,,n,)

Case #1.: n,<0or n,<0 x(k1,k2).h(n1-k1,n2-k2)=0

y(ny,ny)= K,
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2D Convolution Sum - Example

Case #2: 0<sn,<N;-1,0=<n,<N,1
y(n,,n, )=
k2
N, -1
\ P
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2D Convolution Sum - Example

Case #3: n22N,-1,0=sn, < N,-1

\ W\
y(n;,ny)= \\\\ \{&

Case#4: 0=<n,s<N,-1,n,2N,-1

_
y(ny,ny)= \ K
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2D Convolution Sum - Example

Case#5: n, 2N,-1,n, 2N, -1
y(ny,ny)=

ky
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2D Convolution Sum - Example

Final result:

y(np nz) —
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2D Convolution Sum

e Summary of 2D Convolution steps (Graphical Method):

Reflect h(k,,k,) about both k; and k, axes

Translate so that sample h(0,0) lies at the point (n,,n,)

Multiply the sequences x(k,,k,) and h(n,-k,,n,-k,) point-by-point

Sum non-zero samples of obtained product sequence to compute the
output sample y(n,,n,)

» Vary (ny,n,) and repeat from Step 2

VV VY

« Direct evaluation of the 2D convolution sum can be sometimes
easier than using the graphical method.

e Convolution sum is directly used or is used in combination with the
graphical method when both or one of the signals cannot be easily
represented graphically.
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2D Convolution Sum

 Convolution with a 2D impulse;:

x(ny,ny) % 6 (Ny-ky,ny-ky) = ?
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2D Convolution Sum

 Convolution with a 2D Impulse:

X(Ny,n5) ** 6 (N4-Ky,Ny-Ky) =

2D Convolution Example:

n, AN, Ar n,
All
ones All _
/ o ones -
: /

>N, 4o >N, —> N,

Copyright 2004 by Prof. Lina Karam

" ARIZONA STATE
UNIVERSITY

EEE 507 - Lecture 1 28



2D Convolution Sum

 Properties of 2D convolution:

> X *%xh =h %% Xx = commutative

» (X *xh)=*xg=x#*x(h** g) = associative

X —>» h

v

g —— Yy = X — h#*»g L— Yy

= X — 9
commutative

A4
-
<

» X =**(h+g)=x=**xh+X**xg = distributive

X ** h
> h
> g
X **
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